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                                                                      Abstract 
 
 
The present paper is a review, a thesis of some very important contributes of E. Witten, C. Beasley, 
R. Ricci, B. Basso et al. regarding various applications concerning the Jones polynomials, the 
Wilson loops and the cusp anomaly and integrability from string theory. In this work, in the Section 
1, we have described some equations concerning the knot polynomials, the Chern-Simons from four 
dimensions, the D3-NS5 system with a theta-angle, the Wick rotation, the comparison to 
topological field theory, the Wilson loops, the localization and the boundary formula. We have 
described also some equations concerning electric-magnetic duality to N = 4 super Yang-Mills 
theory, the gravitational coupling and the framing anomaly for knots. Furthermore, we have 
described some equations concerning the gauge theory description, relation to Morse theory and the 
action.  
In the Section 2, we have described some equations concerning the applications of non-abelian 
localization to analyze the Chern-Simons path integral including Wilson loop insertions. 
In the Section 3, we have described some equations concerning the cusp anomaly and integrability 
from String theory and some equations concerning the cusp anomalous dimension in the transition 
regime from strong to weak coupling. In the Section 4, we have described also some equations 
concerning the “fractal” behaviour of the partition function. 
Also here, we have described some mathematical connections between various equation described 
in the paper and (i) the Ramanujan’s modular equations regarding the physical vibrations of the 
bosonic strings and the superstrings, thence the relationship with the Palumbo-Nardelli model, (ii) 
the mathematical connections with the Ramanujan’s equations concerning π and, in conclusion, (iii) 

the mathematical connections with the aurea ratio ( ≅+=Φ
2

15
1,618033988) and with 1,375 that 

is the mean real value for the number of partitions p(n). 
 
 
 

1. On some equations concerning fivebranes and knots: an approach to Khovanov 
homology of knots via gauge theory. [1] 
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 The Chern-Simons action for a gauge theory with gauge group G  (here G  is always a compact Lie 
group, and all representations considered are finite-dimensional and unitary) and gauge field A  on 
a three-manifold W  can be written 
 

                                             ∫ 






 ∧∧+∧=
W

AAAdAATr
k

I
3
2

4π
.    (1.1) 

 
Here k  is an integer for topological reasons; up to a choice of orientation, one may take k  to be 
positive. In this theory, to an oriented embedded loop WK ⊂ and a representation R  of G , one can 
associate an observable, the trace of the holonomy or Wilson loop operator: 
 

                                                  ( ) ( )∫−=
KR APTrRK exp,W .    (1.2) 

 
Reversing the orientation of K  has the same effect as replacing R  by its complex conjugate. The 
Jones polynomial and its generalizations can be computed as expectation values of Wilson loop 
operators, if we express the argument q  of the knot polynomials in terms of the Chern-Simons level 
k  by 
                                                       ( )( )hkiq += /2exp π ,    (1.3) 
 
where h  is the dual Coxeter number of G . For example, if we take ( )2SUG = , R  to be the two-

dimensional irreducible representation of ( )2SU , and 3SW = , then the expectation value of 

( )RK ,W  is equal to the Jones polynomial: 
 
                                                       ( ) ( )RKKq ,; WJ = .    (1.4) 

 
Now we adopt a ten-dimensional notation in which 4=N   super Yang-Mills theory comes by 
dimensional reduction from ten dimensions and the supersymmetries of the D3-brane transform 
under ( )9,1SO  as a spinor 16 of definite chirality; thus a generator ε  of supersymmetry obeys 
 
                                                              εε =Γ 9...012 ,    (1.5) 

 
where lΓ , 9,...0=l , are the ( )9,1SO  gamma matrices. The supersymmetries transform as 16 = 

28 VV ⊗ , where 2V  is a two-dimensional real vector space. The natural operators that act on 2V  are 

the even elements of the ( )9,1SO  Clifford algebra that commute with U , where 

( ) ( ) ( )YX SOSOSO 332,1U ××= . They are generated by 

 
                                         4567890 Γ=B ;    34561 Γ=B ;    37892 Γ=B ,    (1.6) 

 
and in view of the algebraic relations they obey, we can choose a basis for 2V  in which 
 

                                 








−
=

01

10
0B ;    








=

01

10
1B ;    









−
=

10

01
2B .    (1.7) 

 
We take also 
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                                                  






−
=

10

a
ε ,    ( )a10 =ε .    (1.8) 

 
The fermion fields λ  of 4=N   super Yang-Mills are adjoint-valued fields that transform as the 16 
of  ( )9,1SO , like the supersymmetry generators. The boundary conditions they obey turn out to be 
 
                                                              ϑλ ⊗∈ 8V ,    (1.9) 

 
where 2V∈ϑ  is 

                                                                







=

1

a
ϑ .    (1.10) 

 

The boundary conditions on X
r

 at 03 =x  are 
 

                                              [ ] 0,
1 23 =

+
− edcdec XX

a

a
XD ε ,    (1.11) 

 
and the boundary conditions on the gauge fields at 03 =x  are 
 

                                                   0
1 23 =

−
+ νλ

µνλµ ε F
a

a
F .    (1.12) 

 
At 0=a  and ∞=a , eqs. (1.11) and (1.12) reduce to the more obvious Neumann boundary 
conditions  033 == µFXD a . The additional terms in the boundary conditions for generic a  reflect 

boundary corrections to the familiar 4=N   super Yang-Mills action in bulk. Let us first consider 
X
r

. The usual bulk action for X
r

 is in Lorentz signature 
 

                                       ∫ ∑∑≥
= =

=
0

3

0

3

1

4
2 3

1
x

c
cc

YM
X

XDXTrDxd
g

I
µ

µ
µr .    (1.13) 

 
If we place no restriction on the value of cXδ  at 03 =x , we will learn that to make the boundary 

term in the variation of 
X

I r  vanish, the boundary condition must be 03 =cXD . Suppose, however, 

that there is an additional boundary coupling  
 

                                   ( ) [ ]∫ =+
=

0

3
22 3

,
13

2~
x edc

cde

YM
X

XXTrXxd
ag

a
I εr .    (1.14) 

 

If we now vary  
XXX

III rrr
~ˆ +=  with respect to X

r
, placing again no restriction on cXδ , we find that 

setting the boundary variation of 
X

I rˆ  to zero gives the boundary condition (1.11). So the boundary 

coupling (1.14) underlies the boundary condition (1.11). The boundary coupling 
X

I r
~

 is unfamiliar, 

but it has a more familiar analog for gauge fields. The analog of (1.13) for the gauge field A , whose 
field strength we denote as µνF , is 
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                                              ∫ ∑>
=

=
0

3

0,

4
2 32

1
x

YM
A FTrFxd

g
I

νµ

µν
µν .    (1.15) 

 
Thence, we obtain also that: 
 

                  ∫ ∑∑≥
= =

=
0

3

0

3

1

4
2 3

1
x

c
cc

YM
X

XDXTrDxd
g

I
µ

µ
µr ∫ ∑>

=

=
0

3

0,

4
2 32

1
x

YM

FTrFxd
g νµ

µν
µν .    (1.15b) 

 
If we work just with this action, then setting its boundary variation to zero, we learn that the 

boundary condition on the gauge field must be 03 =µF . 

To arrive at (1.12), we need an additional term in the action. This extra term is the usual topological 
term of four-dimensional gauge theory 
 

                                           ∫ ≥
−=

0

4
2 332

~
xA FTrFxdI αβµν

µναβε
π

θ
,    (1.16) 

 
with 

                                                          22

4
1

2
2 YMga

a π
π

θ
−

= .    (1.16b) 

 
Viewed as an equation for a  with θ , YMg  fixed, (1.16b) has two roots. The two roots correspond to 

half-BPS boundary conditions of the D3-NS5 and 53 SND −  systems, respectively. 

Although written as a bulk integral, AI
~

 has only a boundary variation, simply because on a 

manifold V  without boundary, ∫ ∧
V

FTrF  is a topological invariant. In fact, we can almost write AI
~

 

as a boundary integral, the integral over the surface 03 =x  of the Chern-Simons form: 
 

                                  ∫ =







 +∂−=
0

3
2 3 3

2
8

~
xA AAAAATrxdI λνµλνµ

µνλε
π
θ

.    (1.17) 

 
Now we want to show an interesting equation concerning the gauge fields as described in the 
Jormakka’s paper “Solutions to Yang-Mills equations”  and connected with an Ramanujan’s 
identity concerning π in the my recent paper: “On some equations concerning quantum 
electrodynamics coupled to quantum gravity, the gravitational contributions to the gauge couplings 
and quantum effects in the theory of gravitation: mathematical connections with some sector of 
String Theory and Number Theory”. 
 
 

  ( ) ( )
∫ ∫
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1 yyy edyxed
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                                     ( ) ( ) ( ) ⇒×=






= ∫
−+−

6

32
12

2

1
4

822
3

12
3

2
2

2

β
πβπβ yyxed  

                        







+−=








+⇒ ∫ ∫

∞ ∞ 2
3

0 0

2
3

2
33 3

416
1

sinh
sin

sinh
cos πππ

π
π

π
ππ dx

x

x
xdx

x

x
x ;    (1.18)  

 

This equation can be connected with the eq. (1.17) that we have multiplied for 
16

2π
 as follows: 

 

                     2

3

2

2

22

2

22 41
2

16
4

1
2

162
4

1
2

2 YMYMYM ga

a

ga

a

ga

a ππππ
π

θπ
π

θ
−

=×
−

=×⇒
−

= ,    (1.19) 

 
thence,  
 

                              ⇒






 +∂×−= ∫ =0

3
3 3

2
4
1

2
~

xA AAAAATrxdI λνµλνµ
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                         ⇒






 +∂××−=⋅ ∫ =0

3
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3 3

2
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1

2
~

16 xA AAAAATrxdI λνµλνµ
µνλεπ
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                       ∫ =







 +∂
−
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0

3
2

3

2

2

3 3
2
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2

4
1~

16 x
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A AAAAATrxd
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a
I λνµλνµ

µνλεπ
π

π
.    (1.20) 

 
We obtain the following mathematical connections: 
 

                        ⇒






 +∂
−

×−=⋅ ∫ =0

3
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                    ( ) ( )
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






+−=








+⇒ ∫ ∫

∞ ∞ 2
3

0 0

2
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2
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1

sinh
sin

sinh
cos πππ

π
π

π
ππ dx

x

x
xdx

x

x
x .    (1.21) 

 

A Wick rotation 00 ixx −→  reverse the sign of XI
~

, and multiplies AI
~

 by i− . So in Euclidean 
signature, combining the terms involving X  and A , the boundary interactions of the D3-NS5 
system are 
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    ( ) [ ]∫ =

∗















 +∂
−

+
+

−=
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3
2 3 3

2
1

2
,

13
21

x cba
abc

YM

AAAAATr
a

a
iXXTrX

a

a
xd

g
I λνµλνµ

µνλεε .    (1.22) 

 
In a convenient notation in which 4=N   super Yang-Mills is obtained by dimensional reduction 
from ten dimensions, with the ten dimensions labelled by 90,...,xx , the Euclidean signature version 
of the chirality condition for supersymmetry generators and fermions is 
 
                                           εε i−=ΓΓΓ 910 ... ,   λλ i−=ΓΓΓ 910 ... .    (1.23) 

 
To define a topological field theory, one defines a group ( )4'SO  that acts by rotating 30,...,xx  in the 

usual way, while simultaneously rotating four normal coordinates 74,...xx . We pick a 

supersymmetry generator ε  that is ( )4'SO -invariant, meaning that it obeys 
 
                                          ( ) 04,4 =Γ+Γ ++ ενµµν ,   3,...,0, =νµ .    (1.24) 

 
From the point of view of ( )4'SO  symmetry, four of the adjoint-valued scalar fields of 4=N   

super Yang-Mills theory are reinterpreted as an adjoint-valued one-form ∑ =
= 3

0µ
µ

µφφ dx , while the 

other two combine two an adjoint-valued complex scalar field σ . ( )4'SO  commutes with a group 

( ) ( )12 USO ≅  of R -symmetries that rotates 8x  and 9x . We normalize its generator F  so that σ  
has charge 2. 

We identify that tangential part of φ , that is ∑ =
= 2

0µ
µ

µφφ dx
r

, with X
r

, and we identify the normal 

part 3φ  with a component of Y
r

, say 1Y . The boundary couplings (1.22) become in this notation 

 

            ( )∫ =

∗















 +∂
−

+
+

−=
0 22

3
2 3 3

2
1

2
13
41

x
YM

AAAAA
a

a
i

a

a
Trxd

g
I λνµλνµλνµ

µνλ φφφε .    (1.25) 

 
The condition (1.24) for ( )4'SO -invariance of the supersymmetry generator actually has a two-

dimensional space of solutions. It is possible to pick a basis of solutions rεε ,
l

that are chiral in the 

four-dimensional sense, 
                                                 

ll
εε −=Γ0123 ,   rr εε =Γ0123 .    (1.26) 

 
It is possible to normalize 

l
ε  and rε  so that, for ,2,1,0=µ  or 3, 

 
                                               rεεµµ −=Γ + l4, ,   

l
εεµµ =Γ + r4, .    (1.27) 

 
In constructing a topological field theory, we may take the supersymmetry generator ε  to be an 
arbitrary linear combination of 

l
ε  and rε . Up to an inessential scaling, we take 

 
                                                            rtεεε +=

l
.    (1.28) 

 
Now we can make contact with the D3-NS5 system. From (1.23), (1.26), and (1.6), we have 
 
                                                  

ll
εε iB =0 ,   rr iB εε −=0 .    (1.29) 
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Using also (1.27) and (1.24), one can show, with some gamma matrix algebra, that 
 
                                                   rB εε −=

l1 ,   
l

εε −=rB1 .    (1.30) 

 
It follows that 

                                        ( ) 0
1

2
1
1

1 1202

2

=+








+
+

+
−+ rtB

t

t
B

t

t
i εε

l
.    (1.31) 

 
On the other hand, with the help of (1.7), we see that the object 0ε  defined in (1.8) obeys the same 

equation 

                                               0
1

2
1
1

1 01202

2

=








+
+

+
−+ εB

t

t
B

t

t
i     (1.32) 

 
if and only if the parameter a  used in describing the D3-NS5 system is related to the parameter t  of 
the topological field theory 

                                                                 
it

it
ia

+
−=

1
1

.    (1.33) 

 
Substituting (1.33) in (1.16b) and solving for 2t , we get the surprisingly simple result 
 

                                                                    
τ
τ=2t .    (1.34) 

 
The operation tt −→  corresponds to aa /1−→  and to exchange of the D3-NS5 and D3-5SN  
systems. With the aid of (1.33), the boundary couplings (1.25) can be rewritten 
 

             ∫ = −

−−
∗
















 +∂
−
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2 3 3
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3
1

x
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tttt
Trxd

g
I λνµλνµλνµ

µνλ φφφε .    (1.35) 

 
Thence, we can obtain the following mathematical connection: 
 

                 ( ) ⇒














 +∂
−

+
+
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∗
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2 3 3
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1
2
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x
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a

a
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a
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g
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               ∫ = −

−−
















 +∂
−
+++−⇒

0 1
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2 3 3
2

3
1

x
YM
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tt

tttt
Trxd

g λνµλνµλνµ
µνλ φφφε .    (1.36) 

 
4=N   super Yang-Mills theory in four dimensions admits 1/16-BPS Wilson loop operators. They 

are constructed as follows. The supersymmetry transformation law for the bosonic fields of this 
theory is 
                                            ελλεδ III iiA Γ−=Γ= ,   9,...,0=I .    (1.37) 
 
Here we use a ten-dimensional notation: for 3≤I , IA  is a component of a gauge field, and for 

4≥I , it is a scalar field. By twisting, we have converted four of the scalar fields to a one-form φ . 
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Usually, we use Greek letters ...,νµ  for four-dimensional indices, so we write ∑ =
= 3

0µ
µ

µdxAA ,  

∑ ∑= = +== 3

0

3

0 4µ µ
µ

µ
µ

µφφ dxAdx .  Suppose that ε  is such that 

 
                                                 ( ) 04 =Γ+Γ + εµµ i ,   3,...,0=µ .    (1.38) 

 
Clearly, in this case, Wilson operators of the form 
 

                                                        ( )( )∫ +−
KR iAPTr φexp     (1.39) 

 
are invariant, for an arbitrary embedded loop K  in spacetime and any representation R  of the 
gauge group. Similarly, if 
                                                ( ) 04 =Γ−Γ + εµµ i ,   3,...,0=µ .    (1.40) 

 
then there are supersymmetric Wilson operators of the form 
 

                                                        ( )( )∫ −−
KR iAPTr φexp .    (1.41) 

 
For a Wilson operator supported entirely at the boundary of V , we can use the boundary conditions 
obeyed by λ , as well as the conditions obeyed by ε , to establish supersymmetry. We will describe 
the conditions that on the boundary of V  
 
                                 ( ) ( )ελφδ µµµµ +Γ+Γ−=+= 40 wiwA ,  2,1,0=µ .    (1.42) 

 
In (1.42) w  is a complex number, to be determined. If (1.42) holds, then upon setting  
 
                                                              φwAw +=Α ,    (1.43) 

 
we can construct supersymmetric Wilson operators 
 

                                                           ( )∫ Α−
K wRPTr exp .    (1.44) 

 
for any knot K  in the boundary of V . The action I  of 4=N   super Yang-Mills theory on a four-
manifold V  is the sum of a term proportional to 2/1 YMg , which contains the kinetic energy for all 
fields, and a term proportional to θ : 
 

                               ∫ ∫+=
V Vkin

YM

FTrFxdigxd
g

I αβµν
µναβε

π
θ 4

2
4

2 32
1

L .    (1.45) 

 
Also this equation can be related with the Jormakka’s equation (1.18) multiplying both the sides for 

58π and obtaining: 
 

                                ⇒+= ∫ ∫V Vkin
YM

FTrFxdigxd
g

I αβµν
µναβεθππ 4

3
4

2

5

4
8

L  



 9 

( ) ( )
∫ ∫

−+−⇒
2
1

2
2
3

2
2

2 2
2

1

1
2

3

1 yyy edyxed
ββ ( ) ( ) == ∫

−+− 12 22
3

12
3

2
2

2

βπβ yyxed  

     ( ) ( ) ( ) ( )
=== ∫ ∫ ∫∫

−−−−−− 2
2

2
2
3

2
2
2

2
2
3

2 2
2

1

23

12
2

1

23

1
22

2
3

3

1
22

3

1 yyyy edyedxedxedx
ββββ βπβπ  

        ( )( ) ( )( ) ( ) ( ) 3
2

3

3

2

3

2
22

2
1

2
3

3

1
22

2
1

2
3

3

1
22

2
3

3

1 2
3

22
3

2 −−−−−
=== ∫∫ βπβπβπ ββ yy edyedx   

                               ( ) ( ) ( ) ⇒×=






= ∫
−+−

6

32
12

2

1
4

822
3

12
3

2
2

2

β
πβπβ yyxed  

                     







+−=








+⇒ ∫ ∫

∞ ∞ 2
3

0 0

2
3

2
33 3

416
1

sinh
sin

sinh
cos πππ

π
π

π
ππ dx

x

x
xdx

x

x
x .  (1.45b)    

 
Here, the part of kinL  that involves φ,A  only is (in Euclidean signature) 

 

                          [ ] 






 +++−= 2, ,
2
1

2
1

νµ
νµ

µν
νµ

νµ
µν

µν
φ φφφφφφ RDDFFTrA

kinL .    (1.46) 

 
Both terms on the right hand side of (1.45) are Q -invariant. The θ  term is Q -invariant because, 
more generally, it is a topological invariant, unchanged in any continuous deformations. It 
represents a nonzero class in the cohomology of Q . One might suspect that the integral of kinL  

would vanish in the cohomology of Q , as happens in many twisted topological field theories, but 

this is actually not the case. Instead, the first term on the right of (1.45) is equivalent { },...mod Q  to a 
multiple of the second term. The precise relation is 
 

                                          { } ∫
Ψ+=

V
FTrFxd

i
QI αβµν

µναβε
π

π 4
232

2
,... ,    (1.47) 

 
where 

                                                     1

1

2

4
2 −

−

+
−+=Ψ

tt

tt

g

i

YM

π
π

θ
    (1.48) 

 
is the canonical parameter. 
Thence, the eq. (1.45) can be rewritten also as follows: 
 

  ∫ ∫+=
V Vkin

YM

FTrFxdigxd
g

I αβµν
µναβε

π
θ 4

2
4

2 32
1

L { } ∫
Ψ+=

V
FTrFxd

i
Q αβµν

µναβε
π

π 4
232

2
,... .    (1.48b) 

 
Under a general S-duality transformation 
 

                                                             
dc

ba

+
+→

τ
ττ ,    (1.49) 

 
t   transforms by 

                                                             t
dc

dc
t

+
+→

τ
τ

    (1.50) 
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and that Ψ  transforms just as τ  does: 

                                                            
dc

ba

+Ψ
+Ψ→Ψ .    (1.51) 

 
The formula (1.48) for Ψ  holds for all t,τ . Imposing the relations (1.16b), (1.33) that are natural in 
studying the D3-NS5 system, we can derive several interesting alternative formulas. Eliminating t   
in favour of YMg   and  θ , we find 

                                                               
τ

τ
Re

2

=Ψ ,    (1.52) 

 
showing that Ψ  is always real for the D3-NS5 system with physical values of the parameters (real   

YMg   and  θ ). Alternatively, eliminating θ  in favour of YMg  and t , we get 
 

                                                   








−
+−

+
−=Ψ −

−

−

−

1

1

1

1

2

4
tt

tt

tt

tt

g

i

YM

π
.    (1.53) 

 

The integral ∫V FTrFxd αβµν
µναβε4  is no longer Q -invariant, but varies by a boundary term. It is 

convenient to replace this integral by a multiple of the Chern-Simons function. We define the 
Chern-Simons function ( )ΑCS , for any connection Α , possibly complex-valued, by 
 

                             ( ) ∫∂ 






 ΑΑΑ+Α∂Α=Α
V

TrxdCS λνµλνµ
µνλε

π 3
2

4
1 3 .    (1.54) 

 
In terms of this function, we can make the following substitution on the right hand side of eq. 
(1.47): 

                                      ( )∫ Ψ→Ψ
V

ACSiFTrFxd
i

αβµν
µναβε

π
π 4

232
2

.    (1.55) 

 
Writing h  for the dual Coxeter number of G , we can write a formula equivalent to (1.54) in terms 
of a trace adTr  in the adjoint representation of G : 

 

                            ( ) ∫∂ 






 ΑΑΑ+Α∂Α=Α
V adTrxd

h
CS λνµλνµ

µνλε
π 3

2
8
1 3 .    (1.56) 

 
Thence, we have the following connection: 
 

  ( ) ∫∂ 






 ΑΑΑ+Α∂Α=Α
V

TrxdCS λνµλνµ
µνλε

π 3
2

4
1 3

∫∂ 






 ΑΑΑ+Α∂Α=
V adTrxd

h λνµλνµ
µνλε

π 3
2

8
1 3 . 

                                                                                                                                             (1.56b) 
 
Also this expression, can be related with the Jormakka’s equation (1.18), multiplying both the sides 
for 4π  and obtaining: 
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( ) ∫∂ 






 ΑΑΑ+Α∂Α=Α
V

TrxdCS λνµλνµ
µνλεπ

3
2

4
3

3

∫∂ ⇒






 ΑΑΑ+Α∂Α=
V adTrxd

h λνµλνµ
µνλεπ

3

2

8
3

3

 

( ) ( )
∫ ∫

−+−⇒
2
1

2
2
3

2
2

2 2
2

1

1
2

3

1 yyy edyxed
ββ ( ) ( ) == ∫

−+− 12 22
3

12
3

2
2

2

βπβ yyxed  

     ( ) ( ) ( ) ( )
=== ∫ ∫ ∫∫

−−−−−− 2
2

2
2
3

2
2
2

2
2
3

2 2
2

1

23

12
2

1

23

1
22

2
3

3

1
22

3

1 yyyy edyedxedxedx
ββββ βπβπ  

        ( )( ) ( )( ) ( ) ( ) 3
2

3

3

2

3

2
22

2
1

2
3

3

1
22

2
1

2
3

3

1
22

2
3

3

1 2
3

22
3

2 −−−−−
=== ∫∫ βπβπβπ ββ yy edyedx   

                               ( ) ( ) ( ) ⇒×=






= ∫
−+−

6

32
12

2

1
4

822
3

12
3

2
2

2

β
πβπβ yyxed  

                     







+−=








+⇒ ∫ ∫

∞ ∞ 2
3

0 0

2
3

2
33 3

416
1

sinh
sin

sinh
cos πππ

π
π

π
ππ dx

x

x
xdx

x

x
x .  (1.56c)   

 
 
The boundary couplings must be a function of wΑ  only (modulo Q -exact terms), since this is the 

only non-trivial Q -invariant combination of boundary fields. 

The coefficient of ( )wCS Α  is precisely Ψi . The generalization of (1.47) in the presence of a 

boundary is 
                                                     { } ( )wCSiQI ΑΨ+= ,... .    (1.57) 

 
Where ( )wCS Α  is written explicitly as a function of A  and φ , the φ -dependent terms are given by 

local, gauge-invariant integrals, since 
 

               ( ) ( ) ∫∂ 







+++=Α

Vw

w
DwFwTrxdACSCS λνµλνµνλµ

µνλ φφφφφφε
π 3

2
4
1 3

23 .    (1.58) 

 
The coefficient of ( )ACS  in the boundary interaction is Ψi , and in view of (1.58), the coefficient of 

( )wCS Α  must be the same. 

Under favourable conditions, computations in topological field theory can be localized on 
configurations that obey { } 0, =ζQ , for all fermion fields ζ . Among the fermions of  F = – 1 in the 

present model are a selfdual two-form +χ , and anti-selfdual two-form −χ , and a scalar η . They 

have the property that  { }++ = χ,QV ,  { }−− = χ,QV , and { }η,0 Q=V  depend on φ,A  only: 
 

                  ( )++ +∧−= φφφ AtdFV ,   ( )−−− −∧−= φφφ AdtF 1V ,   µ
µφD=0V .    (1.59) 

 
Here for any two-form α , we write +α  and  −α  for its selfdual and anti-selfdual projections. 
Localization of A  and φ  can be achieved for real t  by adding a suitable term to the action I : 
 

        ( ){ } ( ) ( ) ( )( )∫∫ +++−=++−→ −+−−++

VV
TrITrQII ...

1
,

1 222200 VVVVVV
ε

χχχ
ε

,    (1.60) 

 



 12 

where ε  is a small parameter and the omitted terms are fermion bilinears. For t  real, +V , −V , and 
0V  are real, and the modified action diverges as ε/1  unless the localization equations 

 

                            ( ) ( ) 01 ==−∧−=+∧− −−+ µ
µφφφφφφφ DdtFtdF AA      (1.61) 

 
are satisfied. So the path integral is supported, for 0→ε , on the space of solutions of those 
equations. 
To understand explicitly the origin of the φ -dependent boundary terms in (1.58), we have to make 
more explicit the relation of the localization procedure of eq. (1.60) to the physical action of 4=N   
Yang-Mills theory. The identity we need is the following: 
 

( ) ( )∫ ∫∫ +
+
−+=








+

+
+

+
− −

−
−−

−
++

−

−

V V

A
kinV

FTrFxd
tt

tt
gxd

tt

t

tt

t
xTrd αβµν

µναβφµν
µν

µν
µν ε4

1

1
,420

11

1
4

4
LVVVVV

                    ∫∂ −−

−

− 








+
+

+
−−

+
−+

V tt
D

tt

tt
F

tt
Trxd λνµλνµνλµ

µνλ φφφφφφε 11

1

1
3 1

3
42

.    (1.62) 

 
After multiplying by 2/1 YMg  and making the substitution (1.55) in one term, we can rewrite (1.62) as 
follows: 
 

       { }∫ ∫∂ −−

−





+

+
+






 +∂
+
−−+=

V V
YM

kin
YM

F
tt

AAAAA
tt

tt
Trxd

g
Qgxd

g νλµλνµλνµ
µνλ φε 11

1
3

2
4

2

2
3
21

,...
1

L  

                                    




+
−

+
−+ −−

−

λνµλνµ φφφφφ 11

1 1
3
4

tt
D

tt

tt
.    (1.63) 

 
When we add the boundary terms that have appeared in (1.63) to the boundary terms (1.35) that are 
already present in the physical theory, before twisting, we find that the action has the expected form 
 
                                                         { } ( )wCSiQ ΑΨ+,... ,    (1.64) 

 
with the expected value ( ) 2/1−−= ttw . 

The transformation law (1.51) for the canonical parameter Ψ  tells us that the parameter ∨Ψ  of the 
dual theory is related to Ψ  by 

                                                              
Ψ

−=Ψ∨

gn

1
.    (1.65) 

 
On the other hand, since 1=∨t , the formula (1.48) for ∨Ψ  reduces to 
 

                                                               
π

θ
2

∨
∨ =Ψ .    (1.66) 

 
Combining these formulas, 

                                                      
Ψ

−=Ψ= ∨∨

gn

ππθ 2
2 .    (1.67) 
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For ( )NSUG =∨ , we define the instanton number of the ∨G  gauge theory by 
 

                                                  P = ∫V FTrF αβµν
µναβε

π 232
1

,    (1.68) 

 
where Tr  is the trace in the N-dimensional representation. For any ∨G , we can take 
 

                                            P = ∫∨ V adj FFTr
h αβµν

µναβε
π 232
1

2
1

.    (1.69) 

 
where ∨h  is the dual Coxeter number of ∨G , and adjTr  is the trace in the adjoint representation of 

∨G .  
The instanton number of a ∨G -bundle VE →  is a topological invariant if V  is a four-manifold 
without boundary. It remains a topological invariant if V  has a non-empty boundary and we are 
given a trivialization of E  on VW ∂= . We have just discovered that instead of being trivialized on 
W , E  is identified on W  with the tangent bundle TW  to W ; the gauge field A  restricted to W  is 
similarly identified with the Riemannian connection ω  on TW , or more precisely with its ∨G -
valued image ( )ωξ , where ( ) ∨→ gsu 2:ξ  is a principal embedding. This means that the instanton 
number P is not invariant under a change of metric of V . In general, under any change in the gauge 
field A , the change in P is given by the change in the Chern-Simons invariant of the restriction of 
A  to the boundary W : 

                                                         δ P δ
π2
1= CS( )A .    (1.70) 

 
Since when restricted to W  we have ( )ωξ=A , we can equivalently write 
 

                                                      δ P δ
π2
1= CS ( )( )ωξ .    (1.71) 

 
In turn, CS ( )( )ωξ  is the same as b CS( )ω  where CS( )ω  is the Chern-Simons invariant of ω  as an 

( )2SU  connection, and b  is an integer, analyzed presently, that results from the embedding. So we 
can slightly simplify (1.71) to 

                                                        δ P δ
π2
b= CS( )ω .    (1.72) 

 
If V  is a compact manifold with boundary, there is a simple cure for this. We simply modify the 
definition (1.69) of P by subtracting the integral over V of a suitable curvature integral. The 

curvature integral is a multiple of ∫ ∧
V

RTrR , with R the Riemann tensor of V . This integral is a 

topological invariant if =∂V  Ø, and in general its variation is a multiple of  δ CS( )ω . We pick the 
coefficient to cancel the boundary term in the variation of P. Thus, we replace the definition (1.69) 
with 

                      ∫ ∫−= ∨ V V TVadj RRTrFFTr
h

P αβµν
µναβ

αβµν
µναβ ε

π
ε

π 22 32
1

432
1

2
1ˆ b

,    (1.73) 

 
where we view the Riemann tensor as a two-form with values in endomorphisms of the tangent 

bundle TV  of  V  and take the trace accordingly. P̂  is an integer-valued topological invariant. 
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We note that 83,3158273408,31532 2 ≅=π  that is possible to connect at the following value: 
315,7587390 ≅ 315,76 (see 1/1,375, i.e. σ = partition numbers) and also to the value 

69,3156949704,315 ≅  (see * 2,71828 = “e”), i.e. the Table concerning the “universal music 
system based on Phi”. 
 
We use eq. (1.56), in which CS( )A  is defined for any connection A  using a trace in the adjoint 
representation (and we set 2=h ). It is convenient to evaluate the right hand side of  (1.56) as the 
sum of an integral over 1W  with the connection ω , an integral over 0W  with the connection ω̂ , and 

a correction term on the common boundary Ξ of 0W  and 1W  that involves the gauge transformation 

between ω  and ω̂ : 
 

   CS ( )( ) ∫ ∫ ∫Ξ ∧−∧+






 ∧∧+∧=
1 0

ˆ
16

1ˆˆ
16

1
3
2

16
1

W W adadadj dsTrdTrdTr ω
π

ωω
π

ωωωωω
π

ω .    (1.74) 

 
We note that the following equation can be related with the Ramanujan’ modular equation 

concerning the superstrings, multiplying both the sides for 
31
2

. Indeed , we obtain: 

 

31
2

CS ( )( ) ⇒∧−∧+






 ∧∧+∧= ∫ ∫ ∫Ξ1 0

ˆ
248

1ˆˆ
248

1
3
2

248
1

W W adadadj dsTrdTrdTr ω
π

ωω
π

ωωωωω
π

ω  

                                     
( )
























 ++







 +

⋅
















⇒

−

∞ −
∫

4
2710

4
21110

log

'
142

'

cosh
'cos

log4

3
1

2

'

'
4

0

'

2

2

wt
itwe

dxe
x

txw

anti

w

w
t

wx

φ

π
π

π

π

.    (1.74b) 

 

Furthermore, we note that 0638.00645.0064516129.0
31
2 ≅≅= , value that is inserted in the 

columns (π ) and (* 1,375) concerning the universal music system based on Phi.  
 
 
The terms in (1.74) that depend on the framing of K  are the integrals over 0W  and Ξ . A 

straightforward evaluation gives 
                                                      CS ( )( ) ( ) ...1 ++−= jjj τω     (1.75) 

 
where the ellipses come from the integral over 1W  and do not depend on the framing of K . Using 
the following equation 

                                                       ( ) ππω 8/2/ gravCSCS qq bb −− = ,    (1.76) 
 
(with 1=v  for ( )3SOG =∨ ), the dependence of the partition function on CS( )( )jω  is a factor of 

( )( ) πω 2/jCSq− . So finally, under a unit change in framing, πττ 2+→ , the partition function is 

multiplied by ( )1+jjq , just as in Chern-Simons theory. 
According to the following equations: 
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               0
2
1

4
1 =−×−+ BDBBF y ;    (1.77)      ∑

=

=+
3

0

0
ν

νµ
ν

µ BDFy ,   3,...,0=µ ;    (1.78) 

 
the equations for a supersymmetric field configuration in this theory (i.e. the gauge theory 
description) read  

                                   0
2
1

4
1 =−×−+ BDBBF y ;     0=+ νµ

ν
µ BDFy .    (1.79)  

 
On a manifold Z , with local coordinates iu , a metric tensor ijγ , and a Morse function Γ , the flow 

equations of Morse theory read 

                                                         j
ij

i

udt

du

∂
Γ∂−= γ .    (1.80) 

 
We endow +× RW3  with a metric  2dydxdxg ji

ij + .  On the space of fields on +× RW3 , we define the 

metric 

                         ( )∫
+×

++−=
RW ji

ij
yyji

ij BBgAAAAgTrgxdydds
3

00
32 δδδδδδ .    (1.81) 

 
And then we define the Morse function 
 

       ∫
+× 







 +






 −+∂+−=Γ
RW kjikjikji

ijk
jyi

ij wgBDBAAAAABFggxdyTrd
3

000
3

3
2

2
1ε ,    (1.82) 

 
with w  a constant chosen so that the integral converges for ∞→y . A straightforward computation 

shows that the supersymmetric equations (1.79), in the gauge 00 =A , are indeed the flow equations 

with Γ  as a Morse function. 
The first-order supersymmetric equations (1.79) imply the second order Euler-Lagrange equations 
of supersymmetric Yang-Mills theory. Setting 
 

                             
µν

µν 






 −×−= + BDBBFY y2
1

4
1

,    σµ
σ

µµ BDFZ y += ,    (1.83) 

 
so that the supersymmetric equations are 0== ZY , we find the following identity 
 

    ( )=+− ∫
+×RM

ZZYYTrgxdyd
4

4 µ
µ

µν
µν ( )∫

+×



 +++−
RM y

y
y BDFFFFTrgxdyd

4

24

4
1

2
1

µν
µ

µ
µν

µν  

                ( ) ( ) ( ) ...
4
1

816
1

4
1 2 +



−+××++ µτλν
λνµτ

µν
µν

µν
µνµνα BBRBB

R
BBBBBD     (1.84) 

 
Here λνµτR and R  are the Riemann tensor and Ricci scalar of 4M ; these curvature couplings are 

dictated by supersymmetry when 4M  becomes curved. In (1.84), the ellipses represent the omission 
of certain terms whose local variations vanish – both surface terms and a multiple of the instanton 
number evaluated on 4M . In fact, with our boundary conditions, both the volume integral on the 
right hand side of (1.84) and the omitted terms are divergent. The right hand side of (1.84) is 
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essentially the bosonic part of the action of maximally supersymmetric Yang-Mills theory in five 
dimensions. 
Indeed, we can to connect this equation with the Ramanujan’s modular equation concerning the 
superstrings: 
 

( )=+− ∫
+×RM

ZZYYTrgxdyd
4

4 µ
µ

µν
µν ( )∫

+×



 +++−
RM y

y
y BDFFFFTrgxdyd

4

24

4
1

2
1

µν
µ

µ
µν

µν  

                ( ) ( ) ( ) ⇒+


−+××++ ...
4
1

816
1

4
1 2 µτλν

λνµτ
µν

µν
µν

µνµνα BBRBB
R

BBBBBD      

                                      
( )
























 ++







 +

⋅
















⇒

−

∞ −
∫

4
2710

4
21110

log

'
142

'

cosh
'cos

log4

3
1

2

'

'
4

0

'

2

2

wt
itwe

dxe
x

txw

anti

w

w
t

wx

φ

π
π

π

π

.    (1.85)    

 
 
 

2. On some equations concerning the applications of non-abelian localization to analyze 
the Chern-Simons path integral including Wilson loop insertions [2] 

 
 
We recall that a Wilson loop operator ( )CWR  in any gauge theory on a manifold M  is described by 
the data of an oriented, closed curve C  which is smoothly embedded in M and which is decorated 
by an irreducible representation R  of the gauge group G . As a classical functional of the 
connection A , the Wilson loop operator is then given simply by the trace in R  of the holonomy of 
A  around C , 

                                                     ( ) ( )∫−=
CRR APTrCW exp .    (2.1) 

 
To describe the expectation value of ( )CWR  in the Lagrangian formulation of Chern-Simons theory, 
we introduce the absolutely-normalized Wilson loop path integral 
 

                      ( ) ( )∫ ∫ 














 ∧∧+∧=
MR AAAdAATr

k
iCAWRCkZ

3
2

4
exp,;

π
D  ,    (2.2) 

 
in terms of which the Wilson loop expectation value is given by the ratio 
 

                                                      ( ) ( )
( )kZ

RCkZ
CWR

,;= .    (2.3) 

 

With regard  
π4
1

 in the eq. (2.2), we have that 07893,007957,0
4
1 ≅=
π

, value inserted in the 

column (*Pigreco) concerning the Table of the universal music system based on Phi. 
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Let us consider the simplest Wilson loop – namely, the unknot Wilson loop – in Chern-Simons 
theory on 3S  with gauge group ( )2SU . For the unknot, the absolutely-normalized Wilson loop path 
integral in (2.2) is given exactly by 
 

                                ( ) 








++
=Ο

2
sin

2
2

,;
k

j

k
jkZ

π
,      1,...,1 += kj .    (2.4) 

 
We have that j  runs without loss over the finite set of irreducible representations which are 

integrable in the ( )2SU  current algebra at level k . This simple result was first obtained by Witten 
using the Hamiltonian formulation of Chern-Simons theory, and as a special case, when 1=j  is 

trivial, the general formula for ( )jkZ ,;Ο  reduces to the standard expression for the ( )2SU  partition 

function ( )kZ  of Chern-Simons theory on 3S . From the semi-classical perspective, we can gain 

greater insight into the exact formula for ( )jkZ ,;Ο  by rewriting (2.4) as a contour integral over the 
real axis, 
 

                ( )
( )
( ) ( )

∫
∞+

∞−

+
+−








 +−



















=Ο 242422

1

8
2

exp
2

sinh
22

1
,;

2

x
kx

e
x

edxche
i

jkZ
ii

j
k

ji

ππ

πππ

.    (2.5) 

 
Here jch  is the character of ( )2SU  associated to the representation j , 

 

                           ( ) ( )
( )

( ) ( ) ( ) ( )yjyjyjyj
j eeee

y

jy
ych 1331 ...

sinh
sinh −−−−−− ++++== ,    (2.6) 

 
and the equality between the expressions in (2.4) and (2.5) follows by evaluating (2.5) as a sum of 
elementary Gaussian integrals. Thence, we obtain the following expression: 
 

( ) 








++
=Ο

2
sin

2
2

,;
k

j

k
jkZ

π ( )
( ) ( )

∫
∞+

∞−

+
+−








 +−



















= 242422

1

8
2

exp
2

sinh
22

1
2

x
kx

e
x

edxche
i

ii

j
k

ji

ππ

πππ

.  (2.6b) 

 

The non-degenerate inner product on gLR
~⊕  is given by 

 

                                   ( ) ( )( ) ( )∫ −−−=
M

qapbTrdbqap φψτψφ ,,,,, .    (2.7) 

 

A non-degenerate, invariant inner product on the Lie algebra of ( ) 0

~
1 G ×RU  is given by 

 

                                ( ) ( )( ) ( )∫ −−∧−=
M

qapbTrdbqap φψκκψφ ,,,,, ,    (2.8) 

 

in direct correspondence with (2.7). Furthermore, the action of ( ) 0

~
1 G ×RU  on Α  is Hamiltonian, 

with moment map 
 

            ( ) ( ) ( ) ( )∫ ∫ ∫ +∧+∧−∧∧−=
M M MAR aATrdFTrAATrpap φκφκκφµ L

2
1

,,, .    (2.9) 
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From (2.8) and (2.9), we see immediately that 
 

                   ( ) ( )∫ ∫




















∧
∧−∧∧−∧∧=

M M

A
R d

AdF
TrdAATr

2

,
κκ
κκκκκµµ L .    (2.10) 

 
Using the identity 

                                                            
κκ

κι
∧
∧=

d

Ad
AR ,    (2.11) 

 
let us rewrite (2.10) as 
 

   ( ) ( ) ( )[ ] ( )[ ] ( )[ ]∫ ∫ ∫ ∫ ∧
∧

−∧−∧+∧∧=
M M M M ARARR FTr

d
ATrdFATrAATr 22 1

2, κ
κκ

ικκικκµµ L .    

                                                                                                                                              (2.12) 
We also require the following identity 
 

             CS( ) ( ) ( )[ ]∫ ∫ ∫ +∧+∧∧=






 ∧∧+∧=
M M M ARR FATrAATrAAAdAATrA ικκ 2

3
2

L    

                                                                          ( )[ ]∫ ∧−
M RATrd 2ικκ .    (2.13) 

 

With regard 
3
2

 and 2 in the eq. (2.13), we have:  66666667,066666,0
3
2 ≅= , i.e. 

5
4

8333333,0 ⋅ , 

where 0,8333333 is the value inserted in the column “System” in the Table concerning the 
universal music system based on Phi. 
 
We consider a general Wilson loop operator  
 

                                                 ( ) ( )∫−=
CRR APTrCW exp ,    (2.14) 

 
where C  is an oriented closed curve smoothly embedded in M , and R  is an irreducible 
representation of the simply-connected gauge group G . The basic Wilson loop path integral is: 
 

                  ( ) ( ) ( )∫ ∫ 














 ∧∧+∧






=
∆

MR AAAdAATr
i

CAW
Vol

RCZ
3
2

2
exp

2
11

,;
επε

ε D
G

G

, 

                                                      
k

πε 2= ,   GG dim=∆     (2.15) 

 
Thence, the eq. (2.15) can be rewritten also as follows: 
 

        ( ) ( ) ( )∫ ∫ 














 ∧∧+∧






=
∆

MR AAAdAATr
ik

CAW
Vol

RCZ
3
2

4
exp

2
11

,;
ππε

ε D
G

G

.    (2.15b) 

 
The Wilson loop path integral in a shift-invariant form is: 
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              ( ) ( ) ( ) ( ) ( )∫ 




 Φ−Φ






=
∆

κ
επε

ε A
i

CA
VolVol

RCZ R CSWDD
SG

G

2
exp

2
111

,; .    (2.16) 

 
Here ( )CRW  denotes the generalized Wilson loop operator defined not using A  but using the shift-
invariant combination Φ− κA , so that 
 

                                              ( ) ( )[ ]∫ Φ−−=
CRR APTrC κexpW .    (2.17) 

 
The semi-classical description for the Wilson loop operator is: 
 

                 ( ) ( )[ ]∫ Ο

∆=
α

α
αε

L CR AUiUCW ;exp2/ csD ,    
k

πε 2= ,    αα Ο=∆ Ldim .    (2.18) 

 
We write αε ΟL  to indicate the loopspace αΟL  equipped with the sigma model metric induced from 

the invariant Kahler metric on εααε Ο≡Ο . We have that 

 

                                          ( ) ( )[ ]∫ Ο
=

αε αL CR AUiUCW ;exp csD .    (2.19) 

 
We can formulate the basic Wilson loop path integral in (2.15) using (2.19), as a path integral over 
the product αε Ο×Α L , 

 

             ( ) ( ) ( ) ( )∫ Ο×Α

∆






 +






=
αε αεπε

ε
L CAUiA

i
UA

Vol
RCZ ;

2
exp

2
11

,; csCSDD
G

G

.    (2.20) 

 
The topological sigma model action for U  in terms of a bulk integral over M  is: 
 

                          ( ) ( ) ( )∫ ∫
−− ⋅∧=⋅=

C M ACAC gdgTrgdgTrAU 11; αδααcs .    (2.21) 

 
Thence, we note that the eq. (2.20) can be rewritten also as follows: 
 

    ( ) ( ) ( ) ( )∫ ∫Ο×Α

−
∆






 ⋅∧+






=
αε

αδ
επε

ε
L M AC gdgTriA

i
UA

Vol
RCZ 1

2
exp

2
11

,; CSDD
G

G

.    (2.21b) 

 
As in (2.16), we first consider the generalization of the following equation 
 

              ( ) ( ) ( ) ( )∫ Ο×Α

∆






 +






=
αε αεπε

ε
L CAUiA

i
UA

Vol
RCZ ;

2
exp

2
11

,; csCSDD
G

G

,    (2.22) 

 
obtained by replacing A  with the shift-invariant combination Φ− κA , 
 

                ( ) ( ) ( ) ( )∫ 




 ΦΦ






=
∆

UAS
i

UA
VolVol

RCZ ,,
2

exp
2
111

,;
επε

ε DDD
SG

G

,    (2.23) 

 
where 
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                                    ( ) ( ) ( )Φ−+Φ−=Φ κεκ α AUAUAS ;2,, csCS .    (2.24) 

 
We assume that the shift symmetry S  acts on A  and Φ  just as before, and S  acts trivially on U . 
Upon setting 0=Φ  with the shift symmetry, we reproduce (2.22) as before. On the other hand, to 
underscore the significance of (2.23), let us expand the shift-invariant sigma model action 

( )Φ− κα AU ;cs  in terms of Φ . From (2.21), we immediately find 

 

                            ( ) ( ) ( )[ ]∫ Φ∧−=Φ− −

M C ggTrAUAU 1;; αδκκ αα cscs .    (2.25) 

 
The essential observation to make about (2.25) is simply that Φ  appears linearly. Thus Φ  still 
enters the total shift-invariant action ( )UAS ,,Φ  quadratically. To be explicit, we expand ( )UAS ,,Φ  
in terms of Φ  to obtain 
 

                 ( ) ( ) ( ) ( ) ( )[ ]∫ Φ∧−Φ∧−+=Φ
M A TrdTrAUAUAS 22;2,, κκκε α FcsCS .    (2.26) 

 
Here as a convenient shorthand, we introduce a “generalized” curvature AF  which includes the 
delta-function contribution from (2.25), so that 
 
                                                        ( ) CAA ggF δαε 1−+=F .    (2.27) 

 
By virtue of the shift symmetry, the remaining integral over the affine space Α  then reduces to an 
integral over the quotient S/Α=Α , and we obtain the shift-invariant reformulation of the general 
Wilson loop path integral in Chern-Simons theory. Thus, 
 

                      ( ) ( ) ( )∫ Ο×Α

∆














 −=
αε επε

ε
L

UAS
i

UA
i

Vol
RCZ ,

2
exp

2
1

,;
2/

DD
G

G

,    (2.28) 

 
where 

                            ( ) ( ) ( ) ( )[ ]∫ ∧
∧

−+=
M AC Tr

d
AUAUAS 21

;2, FcsCS κ
κκ

ε α .    (2.29) 

 
We consider a product of Wilson loop operators associated to oriented curves 

l
C  which are linked 

in M  and decorated by irreducible representations 
l

R  with highest weights 
l

α  for L,...1=l . On 

each curve we introduce a corresponding sigma model field 
l

U , and we apply the semi-classical 

description of  ( )CWR   in (2.19) to write the obvious generalization of (2.20), 
 

                                        ( ) ( )( ) ( ) ×






=
∆G

G πε
ε

2
11

,,...,,; 11 Vol
RCRCZ LL  

                  ( ) ( )∫ ∑Ο××Ο×Α
=








 +×
L

L

L
αα εε αεLL CAUiA

i
UUA

...
1

1
1

;
2

exp...
l

l

l

csCSDDD .    (2.30) 

 
Through some manipulations, we find that the shift invariant version of the Wilson link path 
integral in (2.30) is given by 
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                                        ( ) ( )( ) ( ) ×






 −=
∆ 2/

11 2
1

,,...,,;
G

G πε
ε i

Vol
RCRCZ LL  

                         ( )∫ Ο××Ο×Α 




×
L

LL
αα εε εLL

UUAS
i

UUA
... 11

1

,...,,
2

exp...DDD ,    (2.31) 

 
where 
 

                 ( ) ( ) ( ) ( )[ ]∑ ∫
=

∧
∧

−+=
L

L
1

2
1

1
;2,...,,

l

ll M AC Tr
d

AUAUUAS FcsCS κ
κκ

ε α  ,    (2.32) 

    
with 

                                                   ( )[ ]∑
=

−+=
L

1

1

l

lCAA ggF δαεF .    (2.33) 

 
Thence, we can rewrite the eq. (2.32) also as follows: 
 

( ) ( ) ( ) ( )[ ]∑ ∫ ∑
= =

−






























 +∧
∧

−+=
L L

L
1

2

1

1
1

1
;2,...,,

l l

lll M CAC ggFTr
d

AUAUUAS δαεκ
κκ

ε αcsCS . (2.33b) 

 
The moment map µ  for the action of Η  on αΟL  is given up to a constant by 

 

                                 ( ) ( )[ ]∫
−− +⋅−=

C R gggpgTrap φακφµ 11,,, L .    (2.34) 

 
The shift-invariant path integral describing ( )RCZ ,;ε  in (2.28) becomes a symplectic integral over 

αα ε Ο×Α=Α L , 

                        ( ) ( ) ( )∫Α
∆






 +Ω






 −=
α επε

ε α UAS
ii

Vol
RCZ ,

2
exp

2
1

,;
2/G

G
.    (2.35) 

 
The moment map which describes the Hamiltonian action of Η  on the product αα ε Ο×Α=Α L , is 

the sum of the moment map for Α  in (2.9) with ε  times the moment map for αΟL  in (2.34), so 

that the total moment map on αΑ  is given by 

 

( ) ( ) ( ) ( )∫ ∫ ∫ ∧+∧−




 +∧∧−= −

M M MACRR ATrdTrggAATrpaap φκφκδεακφµ FLL 1

2
1

,,, ,   (2.36) 

 
where 
                                                     ( ) CAA ggF δαε 1−+=F .    (2.37) 

 
Again, AF  is the generalized curvature (2.27) appearing already in the shift-invariant action 

( )UAS , . From the description of the invariant form on the Lie algebra of Η in (2.8), we see that 
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        ( ) ( )[ ]∫ ∫




















∧
∧−∧∧−+∧∧= −

M M

A
CRR d

Ad
TrdggAATr

2
12,

κκ
κκκκδεακµµ F

LL .    (2.38) 

 
To simplify (2.38), let us expand the last term therein as 
 

( ) ( )( ) ( )[ ]∫∫ ∧+∧∧−∧
∧

=




















∧
∧−∧∧

M AAM

A AdAdTr
dd

Ad
Trd 22

2

2
1 κκκκ

κκκκ
κκκκ FF

F
.    (2.39) 

 
The term in (2.39) which is quadratic in AF  appears explicitly in ( )UAS , , and as for the term linear 

in AF , we need only extract the new contribution from the Seifert loop operator, 
 

                    ( ) ( )[ ]∫ ∫
−− ⋅−=

















∧
∧∧−

M C RC AggTr
d

Ad
ggTr ιακε

κκ
καδκε 11 22 .    (2.40) 

 
Here we have applied the identity in (2.11). After a little bit of algebra, we thus rewrite ( )µµ,  using 
(2.40) as 
 

                     ( ) ( ) ( )[ ] ( )[ ]∫ ∫ ∫ +∧−∧+∧∧=
M M M RARR ATrdFATrAATr 22, ικκικκµµ L  

                               ( )[ ] ( )[ ]∫ ∫ ∧
∧

−+⋅+ −−

C M ARR Tr
d

AggggTr 211 1
2 FL κ

κκ
ιακε .    (2.41) 

 
At this stage, we apply our identity in (2.13) to recognize the first line in (2.41) as the Chern-
Simons action ( )ACS . We also have the much more transparent identity 
 

                    ( ) ( ) ( )[ ]∫ ∫
−−− +⋅=⋅=

C C RRAC AggggTrgdgTrAU ιακαα
111; Lcs .    (2.42) 

 
The identity in (2.42) follows immediately if we recall that the vector field R  is tangent to C  and 
satisfies 1, =Rκ . So from (2.13), (2.41), and (2.42), we finally obtain the following result 

 

                 ( ) ( ) ( ) ( )[ ] ( )∫ =∧
∧

−+=
M AC UASTr

d
AUA ,

1
;2, 2

FcsCS κ
κκ

εµµ α .    (2.43) 

 
Consequently the Seifert loop path integral in (2.35) assumes the canonical symplectic form 
required for non-abelian localization, 
 

                          ( ) ( ) ( )∫Α
∆






 +Ω






 −=
α

µµ
επε

ε α ,
2

exp
2

1
,;

2/
ii

Vol
RCZ

G

G
.    (2.44) 

 

With regard 
π2
1

, we have that: 160299,0
9
4

360674,0159154943,0
2
1 =⋅≅=
π

; or 

159649217,0159154943,0 ≅ , and this values are in the columns (*Pigreco) and (*1/Pigreco) of the 
Table of universal music system based on Phi. 
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We let 
l

C  for ,...,1=l L  be a set of disjoint Seifert fibers of M , each fiber labelled by an 

irreducible representation 
l

R  with highest weight 
l

α . We then consider the symplectic space 

 
                                             

L1
... ααα εε Ο××Ο×Α=Α LL ,    (2.45) 

 
with symplectic form 

                                                      ∑
=

Υ+Ω=Ω
L

1l

lαα ε ,    (2.46) 

 

where ( )L1,...,ααα =  serves as a multi-index. The group  ( ) 0

~
1 G×=Η RU   now acts on αΑ  in a 

Hamiltonian fashion with moment map 
 
 

( ) ( )[ ]∫ ∑ −






 +∧∧−=
=

−

M CRR ggAATrpaap
L

1

1

2
1

,,,
l

l
δαεκφµ LL ( ) ( )∫ ∫ ∧+∧

M MA ATrdTr φκφκ F ,    

                                                                                                                                                    (2.47) 
where 

                                                  ( )[ ]∑
=

−+=
L

1

1

l

lCAA ggF δαεF .    (2.48) 

 
By the same calculations leading to (2.43), the shift-invariant action ( )L1,...,, UUAS  in (2.32) is 

precisely the square of the moment map (2.47) for the Hamiltonian action of Η  on αΑ . So when 

applied to multiple Seifert loop operators, the shift-invariant path integral in (2.31) can also be 
rewritten in the canonical symplectic form, 
 

                 ( ) ( )( ) ( ) ( )∫Α
∆






 +Ω






 −=
α

µµ
επε

ε α ,
2

exp
2

1
,,...,,;

2/

LL11

ii

Vol
RCRCZ

G

G
.    (2.49) 

 
Non-abelian localization provides a general means to study a symplectic integral of the canonical 
form 

                    ( ) ( ) ( )∫ 




 −Ω






=
∆

X

H

HVol
Z µµ

επε
ε ,

2
1

exp
2
11

2/

,    HH dim=∆ .    (2.50) 

 
Here X  is a symplectic manifold with symplectic form Ω , and H  is a Lie group which acts on X  
in a Hamiltonian fashion with moment map µ . Finally, (. , .) is an invariant, positive-definite 

quadratic form on the Lie algebra h  of H  and dually on ∗h  which we use to define the “action” 

( )µµ,
2
1=S   and the volume  ( )HVol  of H  that appear in (2.50). To apply non-abelian localization 

to an integral of the form (2.50), we first observe that ( )εZ  can be rewritten as 
 

                                ( ) ( ) ( )∫ × 




 −−Ω




=
X

i
d

HVol
Z

h
φφεφµ

π
φε ,

2
,exp

2
1

.    (2.51) 
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Here φ  is an element of the Lie algebra h  of H , and  [ ]φd  is the Euclidean measure on h  that is 

determined by the same invariant form (. , .) which we use to define the volume ( )HVol  of H . The 

measure [ ]πφ 2/d   includes a factor of  π2/1  for each real component of φ . The Gaussian integral 
over φ  in (2.51) then leads immediately to the expression for Z  in (2.50). 
We define the local contribution to Z  from the component X⊂C  by the following symplectic 
integral over N , 
                     

                       ( ) ( ) ( )∫ × 




 Ψ+−−Ω




=
N

sDi
d

HVol
Z

h
M φφεφµ

π
φε ,

2
,exp

2
1

.    (2.52) 

 
So long as s is non-zero and Ψ  is given by the following equation 
 
                ( )µµ JdJdS ,==Ψ ;   in components   an

n
m

am
n

n
m

m JdxSJdx µµ ∂=∂=Ψ ,    (2.53) 

 
the integral (2.52) over the non-compact space N  is both convergent and independent of s, so that 

( )MεZ  is well-defined.  ( )MεZ  in (2.52) is given by the following integral over Mh ×0 , 
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With regard the non-abelian localization formula in (2.54), let us mention two particularly simple 
special cases. At one extreme, we suppose that H  acts freely on a neighbourhood of the vanishing 
locus ( ) X⊂= − 01µC  of the moment map µ . Thus 0H  is trivial, and 0100 === EEγ . The non-

abelian localization formula in this case reduces to the following integral over ( ) H/01−= µM , 
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M εε expZ .    (2.55) 

 
Here Θ  is now the degree-four characteristic class associated to ( )01−µ , regarded as a principal H -

bundle over M , and determined under the Chern-Weil homomorphism by ( )φφ,
2
1− . At the 

opposite extreme, we allow the stabilizer HH ⊂0  to be non-trivial, but we assume that M  is 

simply a point. The non-abelian localization formula for MZ  in (2.54) then reduces to an integral 

over the Lie algebra 0h , 
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Here we have written the 0H -equivariant Euler classes in (2.54) more explicitly as determinants of 

0h∈ψ  acting on the respective vector spaces 0E  and 1E .  

Now we apply non-abelian localization to the Seifert loop path integral, which takes the canonical 
form (see eq. (2.44)) 
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By the general properties of the canonical symplectic integral, ( )RCZ ,;ε  localizes onto the critical 

points in αα ε Ο×Α=Α L  of the shift-invariant action 
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where 
                                                      ( ) CAA ggF δαε 1−+=F .    (2.59) 

 
Varying ( )UAS ,  in (2.58) with respect to A , we immediately find one classical equation of motion, 
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Varying with respect to g , we find the other equation of motion, 
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To express ( )RCZ ,;ε  in a manner which makes the semi-classical interpretation of the Seifert loop 
operator manifest, we find it useful to introduce the quantities 
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Here rε  is the renormalized coupling incorporating the shift 2+→ kk  in the Chern-Simons level 

in the case ( )2SUG = , and ( )abs ,  is the Dedekind sum, 
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We also introduce the analytic functions 
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We introduce the character ( )zchj  for the irreducible representation j  of ( )2SU  with dimension j , 
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The Seifert loop path integral on M  can then be written exactly as 
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Here ( )lC  for 1,...,0 −= dl  denote a set of contours in the complex plane over which we evaluate 

the integrals in the first line of (2.66). In particular, ( )0C  is the diagonal line contour through the 
origin, 

                                                             ( ) ×= 40
πi

eC R,    (2.67) 
   
and the other contours ( )lC  for 0>l  are diagonal line contours parallel to ( )0C  running through the 
stationary phase point of the integrand, given by  ( )dPilz /4π−= .  Also, “Res” denotes the residue 
of the given analytic function evaluated at the given point.  
We see from the formula (2.66) that ( )jCZ ,;ε  has exactly the same structure as ( )εZ  even when j  

is non-trivial. Again, ( )jCZ ,;ε  appears as a sum of terms associated to each component in the 
moduli space M , and the Seifert loop operator is universally described on each component by the 
character jch . Of the terms in (2.66), the contour integral for 0=l  represents the contribution from 

the trivial connection, which is given explicitly by 
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To gain a bit more insight into the empirical formula (2.66) for ( )jCZ ,;ε , let us again specialize to 

the case of torus knots qp,K  in 3S . With the Seifert invariants given from the following 

expressions: 
 
                                            0=h ,        =1a p,        =2a  q.    (2.69); 
 
                                         1−=n ,        =1b  p – r ,       =2b  s.    (2.70), 
 
the formula for ( )jCZ ,;ε  becomes 
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In passing from (2.66) to (2.71), we have explicitly evaluated the phase 0θ  in (2.62) for the Seifert 

presentation of 3S  with fiber qp,K . Here we use two arithmetic properties of the Dedekind sum 

( ).,.s  that enters 0θ . First, as follows more or less directly from the definition (2.63), 

 
                     s(p – r , p) = s(q, p),        s(s, q) = s(p, q),        ps – qr = 1.    (2.72) 
 
Much more non-trivially, we also use Dedekind reciprocity, which states that 
 
                    12pq[ s(p, q) + s(q, p)] = p2 + q2 – 3pq + 1,     gcd(p, q) = 1.    (2.73) 
 
Together, we apply (2.72) and (2.73) to compute 0θ  as 
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We have also evaluated the residues appearing in the empirical formula for ( )RCZ ,;ε . These 

residues appear in the sum over t  in (2.71), in terms of which we decompose ( )jZ qp ,; ,Kε  as 
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We have that 35350,235619,2
4

3 ≅=π
, value inserted in the column (*1/1,375) concerning the 

Table of the universal music system based on Phi. 
 

As we have already mentioned, ( ) { }0, ,; jZ qpKε  can be naturally interpreted as the contribution to 

the Seifert loop path integral from the reducible point { }abρ  in the extended moduli space 

( )jqp ,,KM . Equivalently ( ) { }0, ,; jZ qpKε  is the contribution from the trivial connection { }0  on 3S . 

But in the relevant semi-classical limit, for which 0→ε  with j   fixed, { }abρ  is indeed the only 

point in ( )jqp ,,KM . Hence our localization result for the Seifert loop path integral implies that the 

additional, oscillatory Gaussian sum in (2.77) must actually vanish, 
 
                                          ( ) 0,; , =

resqp jZ Kε ,      gcd(p, q) = 1.    (2.78) 

 
After applying the vanishing result (2.78), we obtain a compact formula for the expectation value of 
an arbitrary Wilson loop operator wrapping the torus knot qp,K  in 3S  and decorated with the 

irreducible ( )2SU  representation j , 
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With regard ( )22 +k

π
 and 

π8
2+k

 for 1=k , we have that ( ) 52520,052359,0
6212

≅==
+

ππ
;  

118393,0119366,0
8
3 ≅=
π

. Bothe the values are inserted in the column (*1,375) of the Table 

regarding the universal music system based on Phi. Furthermore, we have that the eq. (2.79) can 
be related with the Ramanujan modular equation concerning the superstrings and with the Palumbo-
Nardelli model equation, thence: 
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In writing (2.79), we have rotated the contour ( ) Re
i

×= 40
π

C  to the real axis and substituted 
( )2/2 += kr πε , so that (2.79) appears as a simple generalization of the corresponding formula (2.5) 

for the unknot 1,1K=Ο . 

We now apply the non-abelian localization formula in (2.54) to the Seifert loop path integral. 
Because { } Gab /αρ Ο≅  is a point, the path integral immediately reduces via (2.56) to an integral 

over the finite-dimensional Lie algebra RR ⊕⊕= α
α gh0  of the stabilizer α

0H , 
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Here ψ  is an element in the algebra α

0h . Because the group  ( ) ( )ZR UGUH 110 ××= α
α   decomposes 

as a product, we frequently write ψ  in terms of components 
 
                                               ( ) RRap ⊕⊕∈= αφψ g,, ,    (2.81) 

 
where p  and a  generate ( )RU 1  and ( )ZU 1  respectively, and φ  is an element of αg . 

In arriving at the expression for ( ) GRCZ /,;
α

ε Ο  in (2.80), we have multiplied the result obtained 

directly from (2.56) by 
                                             ( )[ ] ( )[ ] πε211 ⋅⋅ ZR UVolUVol ,    (2.82) 

 
which accounts for the prefactor involving ε  in (2.80). By definition, αγ 00 h∈  is the dual of the 

value of the moment map µ  evaluated at the point αα Ο∈ . According to (2.36), µ  is generally 

given on αΑ  by 
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Points in αΟ  correspond to classical configurations of ( )UA,  which are annihilated by RL  and 

satisfy 0=AF , so only the first and last terms in (2.83) contribute when µ  is evaluated at points in 

αΟ . We compute directly the last term in (2.83) to be 
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From (2.83) and (2.84) we thereby obtain 
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We also recall from (2.8) that the norm of ψ  is given by 
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In passing to the second line of (2.86), we use the description of κd  in the following expression 
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along with the identity in the following expression 
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to compute the integral Pdd
M

/=∧∫ κκ , where d  is defined as  

 
                                                              ( )MHd 1=     (2.86d) 

 
and P  is defined in (2.62). Via (2.85) and (2.86), the integral over α

0h  then takes the more explicit 

form 
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The vector bundles αξ0  and αξ1  both decompose into summands associated to the respective factors 

in the product  αα ε Ο×Α=Α L , so that 
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Consequently, in any regularization, we can factorize the ratio of determinants appearing in (2.87) 
as 

                                    ( ) ( )αξξ αα π
ψ

π
ψ Ο⋅Α=







⋅







−

Lee
1

10 2
det

2
det ,    (2.89) 

 



 31 

where we introduce the separate ratios 
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The integral in (2.87) immediately becomes 
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The essence of localization on G/αΟ  now lies in evaluating ( )Αe  and ( )αΟLe . Because the central 

generator a  of  ( )ZU 1  acts trivially, ( )Αe  depends only on the generators ( )φ,p  of ( ) αGU R ×1  and 

is given by 
 

              ( ) ( ) ( )
( ) ( ) ∏

>

−
−

∆

∆



































×⋅






−=Α
0

2

22
20 2

,
sin2,

4
exp

2
0

2
exp

β

φβ
φβφ

π
πηπ

N

p
Tr

P

d

p

ci

Pp

i
e

T

G
g

(

 

                             ∏
= 
























N

j j pa1 2

,
sin2

φβ
,         GG dim=∆ ,   TT dim=∆ .    (2.92) 

 
Thence, we can rewrite the eq. (2.91) also as follows: 
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We have, with regard the eq. (2.92), that 078929,0079577,0
4
1 ≅=
π

, and 57560,15707963,1
2

≅=π
 

and both the values are inserted in the column (*1,375) and 0,079577 is very near to value 0,07801 
that is in the column (*2,71828…) of the Table regarding the universal music system based on 
Phi. 
                      
Here we recall that GT ⊂  is a maximal torus, and in writing this formula for ( )Αe , we assume 
without loss than φ  lies in the associated Cartan subalgebra t . Each 0>β  is then a positive root of 

G , and .,.  is the canonical dual paring.  

The product of determinants associated to the free loopspace αΟL , is 
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Eventually these determinants, along with the moment map on αΟ  which enters the argument of the 

exponential in (2.91), will determine the invariant function of φ  which represents the Seifert loop 
operator under localization at the trivial connection on M .  
Taking the ratio between the determinants in the following expressions 
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we see that ( )αΟLe  is given by 
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As manifest in (2.92) and (2.96), neither ( )Αe  nor ( )αΟLe  depends upon the variable a  which 

parametrizes the Lie algebra of ( )ZU 1 . Because ( )ZU 1  acts in a completely trivial fashion on αΑ , 

the result could hardly have been otherwise. Yet this observation does have an important 
consequence. We recall from (2.91) that the local contribution from { } Gab /αρ Ο≅  to the Seifert 

loop path integral is given by 
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Since a  enters the integrand of (2.97) only linearly in the argument of the exponential, we can 
immediately integrate over a  using the elementary identity 
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Hence the integral over a  yields a delta-function ( )pεπδ −12 . Next, we use the delta-function to 
perform the integral over p , thereby setting ε/1=p . In the process, the prefactor of πε2  which 

appears in the normalization of (2.97) is cancelled, and the integral over RR ⊕⊕ αg  reduces to an 

integral over αg alone, 
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Here we have substituted the expressions for ( )Αe  and ( )αΟLe  in (2.92) and (2.96). Also we 

emphasize that the products over β  and +β  in (2.99) run over distinct sets of roots whenever α  is 
not regular. 
Because the integrand of (2.99) is invariant under the adjoint action of αG , we can apply the Weyl 

integral formula to reduce the integral from αg to t . In its infinitesimal version, the Weyl integral 

formula generally states that if f  is a function on a Lie algebra g  invariant under the adjoint action 
of a group G , then 
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Here M  is the order of the Weyl group of G , and the product over positive roots β  of G  

appearing on the right in (2.100) is a Jacobian factor generalizing the classical van der Monde 
determinant.  
We want to apply the Weyl integral formula (2.100) not for G  but for αG . The roots of αG  are 

precisely those roots ⊥β  of G  orthogonal to α  in the invariant metric on ∗t , such that 
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Consequently, when we apply the Weyl integral formula to reduce the integral in (2.99) from αg  to 

t , the Weyl Jacobian for αG conspires to cancel against the following product of factors in (2.99), 
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implying 
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In passing to (2.103), we have performed a change of variables εφφ a  to remove extraneous 

factors of ε . In the process, we introduce the renormalized coupling rε , 
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to absorb the explicit shift in the coefficient of ( )2φTr  that arises from ( )Αe  in (2.92). Also, as 

hopefully clear, αM  denotes the order of the Weyl group of αG . If TG =α is abelian, then αM  is 

trivial and 1=αM . We now make two further substitutions to relate the formula in (2.103)  to the 

empirical result in (2.68). First, we rotate the contour of integration from R×= tt  to 4

πi
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×t . 
Second, we make a change of variables φφ ia . Hence 
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Let us now interpret our result (2.105) for ( ) GRCZ /,;
α

ε Ο  in light of the character formula. This 

interpretation is slightly more straightforward when α  is a regular weight of G , so we specialize to 
the regular case first. When α  is regular, TG =α , 1=αM , and [ ]αρ  reduces to the Weyl vector ρ  

itself. Also, the product over roots +β  satisfying ( ) 0, >+ αβ  in (2.105) is simply the product over 
all positive roots 0>β  of G . As a result, the final factor in the integrand of (2.105) reduces to the 

Weyl denominator ρA , 
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Thus for regular weights, 
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The measure [ ]φd  in the contour integral is invariant under the Weyl group M of G . Moreover, the 
integrand of (2.107) can generally be decomposed as a sum of terms, each of which transforms in a 
one-dimensional representation of M . Then since [ ]φd  is Weyl invariant, only the Weyl invariant 
piece of the integrand actually contributes to the integral over φ . 
Since M is generated by reflections in the root lattice of G , the expression in the last line of (2.107) 
is also Weyl invariant, as it arises from a product over all positive roots 0>β  of the even function 
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So in the integrand of (2.107), we are left to consider the factor 
 

                                                         ( ) ( )φ
φ

ρ

φρα

α A

e
S

,+−

= .    (2.109) 

 
By construction, the Weyl denominator ( )φρA  is alternating under M . Therefore, only the 

alternating piece of the numerator  [ ]φρα ,exp +−  in ( )φαS  actually contributes to the contour 

integral over φ  in (2.107). We immediately recognize that alternating piece to be 
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Without loss, we replace ( )φαS  in the integrand of (2.107) with the Weyl-invariant function 
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Via the following character formula 
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we finally obtain the following result for the contribution of { } G/ααβρ Ο≅  to the Seifert loop path 

integral, 
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                                                                                                                                               (2.113) 
 
As claimed, all dependence on the weight α  has been subsumed into the character Rch , which 

represents the Seifert loop operator under localization on G/αΟ . 

Now we decompose the roots β  of G  into two sets, consisting of roots +β  for which ( ) 0, ≠+ αβ  

and roots ⊥β  for which ( ) 0, =⊥ αβ , just as in (2.102). The set of roots ⊥β  is empty when α  is 

regular, and the set of roots ⊥β  runs over all roots when α  vanishes. The Weyl denominator ρA  in 

(2.106) then factorizes as a product over each set, 
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Using (2.114), we rewrite the general contour integral in (2.105) as 
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Once again, we wish to tease the character Rch  out of the integrand in (2.115). To do so, let us 
introduce the following function of φ , 
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in terms of which we write the factor in the second line of (2.115) as 
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Only the Weyl-invariant component of ( )φαS , or equivalently the alternating component of ( )φαB , 

contributes to the contour integral over φ  . We have that ( )φαB  satisfies an identity which extends 

the denominator formula in (2.106). According to this extended denominator formula, ( )φαB  can be 

rewritten as an alternating sum over elements 'w  of the Weyl group αM  of the stabilizer αG , so that 
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Given the identity in (2.118), the alternating component of ( )φαB  is easy to evaluate. Clearly, 
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In complete analogy to (2.111), we apply the identity in (2.119) to symmetrize ( )φαS  under M , 
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The sign on the right in (2.120) again arises after a reflection from φ−  to φ  in the argument of 

ρα +A . Via the character formula (2.112), the contour integral in (2.115) then becomes 
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exactly as in the regular case (2.113). So regardless of whether α  is regular or irregular, the Seifert 
loop operator reduces to the character Rch  under localization on { } G/ααβρ Ο≅  and subsequent 

pushdown to the trivial connection { }0  on M . 
We use the localization formula in (2.54) to reduce the Seifert loop path integral over the infinite-
dimensional space αα ε Ο×Α=Α L  to the integral of an appropriate de Rham cohomology class 

[ ]µd  on each smooth component ( )α,0 CM  of the moduli space ( )α,CM . Schematically, 

 

                         ( ) ( ) [ ]
( )∫=

αα µε
,,

0
0

,;
CC dRCZ

M
M ,        [ ] ( )( )αµ ,0 CHd M∗∈ ,    (2.122) 

 
where the class [ ]µd  generally depends upon the discrete parameters ( )α,,kn  which specify 

respectively the degree of the 1S -bundle, the Chern-Simons level, and the highest weight of the 
irreducible representation R .  
We now possess all the ingredients required to apply the non-abelian localization formula in (2.54) 
to compute the cohomology class [ ]µd  in (2.122). Immediately, 
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                                                                                                                                                (2.123) 
Here the prefactor involving ε  arises for the same reason as the corresponding prefactor in (2.80). 
Otherwise, the semiclassical contribution to ( )RCZ ,;ε  from ( )α,0 CM  reduces to an integral over 

the abelian Lie algebra RR⊕≅0h  of the stabilizer 0H , as well as an integral over ( )α,0 CM  itself. 

Our main task here is to evaluate the ratio of equivariant Euler classes associated to the bundles 
( )αα ξξ 10 ,  over ( )α,0 CM . Using the multiplicative property of the Euler class and the identification   

in the following expression 
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we immediately factor the ratio in (2.123) as 
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In obtaining (2.125), we observe that 0ξ  and 1ξ  are defined in the following expression 
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as equivariant bundles on 0M  which pull back to ( )α,0 CM , implying that the ratio of Euler classes 

pulls back as well.  
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Evaluating the ratio of equivariant Euler classes associated to 0ξ  and 1ξ  on 0M  turns out to be 

fairly tricky. We have that this ratio is 
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Here jϖ  for 0dim,...,1 MCj =  are the Chern roots of the complex tangent bundle of 0M , so that 
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According to the general description in the following expression 
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the equivariant Euler class of αN  is given by the formal product 
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With regard the computation of the equivariant Euler class of the bundle αN  , we obtain 
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where ρ  is the usual Weyl vector. Combining the formulae in (2.126) and (2.129), we see that the 
ratio of equivariant Euler classes in (2.125) becomes 
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The ratio in (2.130) depends only on the coordinate p , not a , in the Lie algebra RR⊕≅0h . Thus 

we express ( ) ( )αε ,0
,; CRCZ M  solely as an integral over the classical Seifert loop moduli space 

( )α,0 CM , 
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When obtaining (2.131), we have used the symplectic decomposition  
 
                                         u,2 απελ +Ω=Ω ∗q ,        k/αλ = .    (2.132) 

 
To make the cohomological interpretation of (2.131) more transparent, let us rescale each element 

in the cohomology ring of ( )α,0 CM  by a factor ( ) 2/2 q−πε , where q  is the degree of the given class. 

For instance, the Chern roots jϖ  and u , each of degree two, scale by 
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To preserve the value of the integral over ( )α,0 CM , we simultaneously scale the integral itself by 

an overall factor ( )dπε2 , where ( )α,dim 0 Cd CM= . After this change of variables to clear away 

extraneous factors of ε , ( ) ( )αε ,0
,; CRCZ M  becomes 
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Also here we have that 5756097,1570796,1
2

≅=π
;  159649217,01591549,0

2
1 ≅=
π

; 

02562136,0025330295,0
4
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2 ≅=
π

, values that are inserted in the columns (*1,375), (*1/Pigreco) 

and (*1,375) of the Table regarding the universal music system based on Phi. 
 
  
 

The appearance of the Â -genus of the orbit λ−Ο  in (2.134) is no accident. We have a holomorphic 

fibration of complex manifolds 
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The fibration of ( )α,0 CM  over 0M  in (2.135) implies the relation 
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We note that the first Chern class of ( )α,0 CM  is given by the sum 
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Using (2.132), (2.136), and (2.137), we then rewrite ( ) ( )αε ,0
,; CRCZ M  in terms of classes defined 

intrinsically on ( )α,0 CM , 
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The integral over ( )α,0 CM  in (2.138) should be compared to the following expression for the 

partition function ( )
0M

εZ : 
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To recast the result (2.134) entirely in terms of rε we apply a theorem of Drezet and Narasimhan 

which determines ( )01 Mc  in the case  ( )1+= rSUG  to be 
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Since  1+= rcg

(
  as well, the local contribution from ( )α,0 CM   to  ( )RCZ ,;ε   becomes 
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and all dependence on k  has been absorbed into the renormalized coupling rε . 
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, values that are 

inserted in the columns (*1,375) and (*1/Pigreco) of the Table regarding the universal music 
system based on Phi. 
 
According to (2.122), the integrand in (2.141) is the class [ ] ( )( )αµ ,0 CHd M∗∈   which describes the 

local contribution from ( )α,0 CM   to the Seifert loop path integral ( )RCZ ,;ε , 
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Like the pair of expressions in (2.138) and (2.139), the integral over ( )α,0 CM  in (2.141) should be 

compared to the corresponding localization result for the partition function ( )
0M

εZ ,    
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The Seifert loop class ( )
0M

CWR is then the element of ( )0M
∗H  such that the pushdown [ ]µdq∗  is 

given by the product of ( )
0M

CWR with the integrand of the partition function ( )
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εZ in (2.143), 

such that  
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Comparing the Seifert integrand  [ ] ( )( )αµ ,0 CHd M∗∈  in (2.142) to the preceding formula (2.144) 
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Thence, we have that 
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Recycling the result in the following expression 
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we find the general description for the Seifert loop class, 
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Equivalently, 
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Also here we have that 5756097,1570796,1
2

≅=π
;  159649217,01591549,0

2
1 ≅=
π

, values that are 

inserted in the columns (*1,375) and (*1/Pigreco) of the Table regarding the universal music 
system based on Phi. 
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The Todd class and the Â -genus of a complex manifold X  generally satisfy the relation 
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This identity, applied to ( )0
ˆ MA  in (2.134), implies that the contribution from 0M   to  ( )RCZ ,;ε  

can be alternatively presented as 
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Also here we have that 5756097,1570796,1
2

≅=π
;  02562136,0025330295,0

4
1

2 ≅=
π

, values that 

are inserted in the column (*1,375) of the Table regarding the universal music system based on 
Phi. 
 
 
 
 
 
 
 
 
 

3. On some equations concerning the cusp anomaly and integrability from String theory. 
[3] [4]  

 
 
The bosonic contribution to the coefficient of the Catalan constant K  comes from the integral term 
in the following expression, concerning the bosonic sunset (“diminuzione”, “decline”) 
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whose small ν̂  expansion reads 
 

             
( )

( )[ ] +






 +−+−+=
+++++

+
∫ K

uu

hu
du ...ˆ

1024
61

ˆ
64
7

ˆ
32
7

ˆ
2
1

1
ˆ11ˆ1

arctanˆ18 86421

0 2
2222

2

νννν
νν

ν
 

                                              ...ˆ
6144
11

ˆ
128
1

ˆ
64
1 864 +−+− ννν     (3.2) 

 
We note that this expression can be related with the Ramanujan modular equation concerning the 
superstrings and with the equation regarding the Palumbo-Nardelli model. Indeed, we have that: 



 43 

 

              
( )

( )[ ] +






 +−+−+=
+++++

+
∫ K

uu

hu
du ...ˆ

1024
61

ˆ
64
7

ˆ
32
7

ˆ
2
1

1
ˆ11ˆ1

arctanˆ18 86421

0 2
2222

2

νννν
νν

ν
 

                                                 ⇒+−+− ...ˆ
6144
11

ˆ
128
1

ˆ
64
1 864 ννν  

                                   
( )

⇒
























 ++







 +

⋅
















⇒

−

∞ −
∫

4
2710

4
21110

log

'
142

'

cosh
'cos

log4

3
1

2

'

'
4

0

'

2

2

wt
itwe

dxe
x

txw

anti

w

w
t

wx

φ

π
π

π

π

 

                 ⇒ ( ) ( )∫ =




 ∂∂−−−− φφφ
π νµ

µν
ρσµν

νσµρ gfGGTrgg
G

R
gxd

2

1

8

1

16
26  

                   ( ) ( )∫ ∫
∞

Φ−








−−Φ∂Φ∂+−=

0

2

22
10

2
10

2

3
22/110

2
10

~
2

1
4

2

1
FTr

g
HReGxd ν

µ
µ

κ
κ

 .  (3.2b) 

 
Note that 64161024 ×=  and 64966144 ×= .    
 
 
 
Similarly, the fermions contribute only through the integral 1W  in the following expression 
concerning the fermionic sunset 
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and we observe that their net effect is to simply change the sign of the coefficient of the bosonic 
contribution to K  term in (3.2). Using the following expression 
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to obtain Kf ;2  we need to divide (3.2) by 21 l+ , while replacing l→ν̂ , and change the overall 

sign to account for the fermion contribution. Therefore, we find the following integral 
representation which can be expanded to any order in l  
 

   ( )
( )[ ] K

uu

hu
duf KK 







 ++−+−=
+++++

+−= ∫ ...
1024

81
32
3

32
3

1
111

arctan18 8641

0 2
2222

2

;2 lll

ll

l
l .    (3.5) 

 
Also this expression can be related with the Ramanujan modular equation concerning the 
superstrings and with the equation regarding the Palumbo-Nardelli model. Indeed, we have that: 
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The fact that the fermionic contribution simply changes the sign of the bosonic contribution to the 
coefficient of the Catalan constant was first observed for the ordinary cusp anomaly ( )0=J . 
A direct expansion of the integrand in equation (3.2) leads to divergent integrals at sufficiently high 
orders in 1ˆ−ν . A consistent expansion can be constructed by first using the identity  
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to evaluate in closed form the u  integral in equation (3.2). The integrand of the resulting y  integral 

can be expanded at large ν̂ , the integral of each term being finite. The absence of divergences 
indicates the consistency of this procedure. In this way we obtain 
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Also this expression can be related with the Ramanujan modular equation concerning the 
superstrings and with the equation regarding the Palumbo-Nardelli model. Indeed, we have that: 
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The asymptotic Bethe Ansatz expansion for 2f  can be written as ( πλ 4/=g ) 
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Here 2
0 1 l+=a . All the pieces in this formula can be analytically computed at large l . The first 

terms in this expansion are 
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The only relevant contributions to the 2π  coefficient arise from the last term in parenthesis in (3.8), 
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In the lecture of Riccardo Ricci “Cusp anomaly and integrability from string theory” (16.04.2011), 
from the partition function we can extract the generalized scaling: 
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that is in stupendous agreement with the Bethe-Ansatz prediction. 
While, in the lecture of Benjamin Basso “Strong Coupling Expansion of Cusp Anomalous 
Dimension in Planar 4=N ” (16.05.2008), with regard the weak coupling expansion of cusp from 
Beisert-Eden-Staudacher equation (BES equation), we have that the BES equation is 
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while the weak coupling expansion of the cusp anomaly is: 
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With regard the strong coupling expansion from AdS/CFT correspondence, we have the following 
expression 
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The integral equation of the strong coupling expansion 
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becomes a finite-dimensional matrix equation for the coefficients ( )gsn . With regard the numerical 

result of the matrix equation and extract the cusp anomaly ( ) ( )gsggcusp 1
24=Γ , we have that 
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The first two terms are in remarkable agreement with the string theory result, and we have that 
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We can to observe that 0.0232 is very near to the following values: 0.02349 (system/2.71828) and 
0.023292 (system π/1× ) where “system” is the column where are defined the values of the musical 
system based on Phi (1.618033988); i.e. sum of exponents of Phi. 
Thence, we can rewrite the results of (3.18) also as follows: 
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With regard the strong coupling expansion of cusp from BES equation, analytically the strong 
coupling solution was first analyzed at leading order and then in a more systematic approach, we 
have the following result 
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where the expansion coefficients are given by 
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with the special functions 
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In the Bethe ansatz approach, the cusp anomalous dimension is determined by the behaviour around 
the origin of the auxiliary function ( )tγ  related to density of Bethe roots 
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The function ( )tγ  depends on ‘t Hooft coupling and has the form 
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where ( )t±γ  are real functions of t  with a definite parity ( ) ( )tt ±± ±=± γγ . For arbitrary coupling the 

functions ( )t±γ  satisfy the (infinite-dimensional) system of integral equations 
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with 1≥n  and ( )tJn  being the Bessel functions. These relations are equivalent to BES equation 

provided that ( )t±γ  verify certain analyticity conditions. The equations (3.24) can be significantly 

simplified with a help of the transformation ( ) ( )tt Γ→γ : 
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We find from (3.22) and (3.25) the following representation for the cusp anomalous dimension 
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It follows from (3.23) and (3.24) that ( )t±Γ  are real functions with a definite parity, 
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with u  being arbitrary real parameter such that 11 ≤≤− u . Since ( )t±Γ  take real values, we can 
rewrite these relations in a compact form 
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We have the following non perturbative scale ( )6Om  in the AdS/CFT. Its dependence on the 

coupling g  follows univocally from FRS equation and it has the following form 
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where ( )t±Γ  are solutions to (3.28). 
 
Also this expression can be related with the Ramanujan modular equation concerning the 
superstrings and with the equation concerning the Palumbo-Nardelli model. Indeed, we obtain: 
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Furthermore, we have that 5493902,2546479,2
8 ≅=
π

, value that is in the column (*1,375) of the 

Table regarding the universal music system based on Phi. 
 
  
To fix the zero modes, we have to impose additional conditions on solutions to (3.28) and (3.24). 
These conditions follow unambiguously from BES equation and they can be formulated as a 
requirement that ( )t±γ  should be entire functions of t  which admit a representation in the form of 
Neumann series over Bessel functions 
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with the expansion coefficients 12 −nγ  and n2γ  depending on the coupling constant. This implies in 

particular that the series on the right-hand side of (3.30) are convergent on the real axis. Using 
orthogonality conditions for the Bessel functions, we obtain from (3.30) 
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−−− =
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t

dt
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Here we assumed that the sum over n  in the right-hand side of (3.30) can be interchanged with the 
integral over t . We will show below that the relations (3.30) and (3.31) determine a unique solution 
to the system (3.24). The coefficient 1γ  plays a special role in our analysis since it determines the 
cusp anomalous dimension (3.22), 
                                                         ( ) ( )gggcusp 1

28 γ=Γ .    (3.32) 

 
Here we applied (3.23) and (3.30) and took into account small-t behaviour of the Bessel functions, 

( ) n
n ttJ ≈  as  0→t . Let us now translate (3.30) and (3.31) into properties of the functions ( )t±Γ , or 

equivalently ( )tΓ . It is convenient to rewrite the relation (3.25) as 
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We note that 786937,0785398,0
4

≅=π
, value that is inserted in the column (*1/1,375) of the Table 

concerning the universal music system based on Phi. 
 
Since ( )itγ  is an entire function in the complex t-plane, we conclude from (3.33) that ( )itΓ  has an 

infinite number of zeros, ( ) 0=Γ zerosit , and poles, ( ) ( )polesttit −≈Γ /1 , on real t-axis located at 
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where Z∈',ll  and 0'≠l  so that ( )itΓ  is regular at the origin (see. Eq.(3.22)). 

To understand the relationship between analytical properties of ( )itΓ  and properties of the cusp 
anomalous dimension, it is instructive to slightly simplify the problem and consider a “toy” model 
(“modello giocattolo”) in which the function ( )itΓ  is replaced with ( )( )ittoyΓ . We require that 

( )( )ittoyΓ  satisfies the same integral equation (3.27) and define, following (3.26), the cusp anomalous 
dimension in the toy model as 
                                                       ( )( ) ( )( )02 toytoy

cusp gg Γ−=Γ .    (3.35) 

 
The only difference compared to ( )itΓ  is that ( )( )ittoyΓ  has different analytical properties dictated by 
the relation 

                                                     ( )( ) ( )( )
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while ( )( )ittoyγ  has the same analytical properties as the function ( )itγ . This relation can be 
considered as a simplified version of (3.33). Indeed, it can be obtained from (3.33) if we retained in 
the product only one term with 0=k . As compared with (3.34), the function ( )( )ittoyΓ  does not have 
poles and it vanishes for gt π−= . 

Let us multiply both sides of the two relations in (3.24) by ( ) 12122 −− nn γ  and ( ) nn 222 γ , 

respectively, and perform summation over 1≥n . Then, we convert the sums into the functions 
( )t±γ  using (3.30) and add the second relation to the first one to obtain 
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Since ( )t±γ  are real functions of t  and the denominator is positively definite for ∞<≤ t0 , this 
relation leads to the following inequality 
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Here we replaced the function ( )t−γ  by its Bessel series (3.30) and made use of the orthogonality 
condition for the Bessel functions with odd indices. We deduce from (3.38) that 
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and, then, apply (3.32) to translate this inequality into the following relation for the cusp anomalous 
dimension 
                                                          ( ) 240 ggcusp ≤Γ≤ .    (3.40) 

 
Notice that the lower bound on the cusp anomalous dimension, ( ) 0≥Γ gcusp , holds in any gauge 

theory. It is upper bound ( ) 24ggcusp ≤Γ  that is a distinguished feature of 4=N  theory. Let us 

verify the validity of (3.40). At weak coupling ( )gcuspΓ  admits perturbative expansion in powers of 
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while at strong coupling it has the form 
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with K  being the Catalan constant. It is easy to see that the relations (3.41) and (3.42) are in an 
agreement with (3.40). 
 

We note, with regard the eqs. (3.41-3.42) that 243177,024444,0
45
11 ≅= ; 
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 116101,0115873015,0
630
73 ≅= ;  01355179,0013183593,0

1048
27 ≅= , values that are inserted in 

the columns (*1/1,375 – *1/Pigreco) of the Table concerning the universal music system based on 
Phi. 
   
Let us now construct the exact solution to the integral equations (3.28) and (3.24). To this end, it is 
convenient to Fourier transform the functions (3.23) and (3.25) 
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According to (3.23) and (3.30), the function ( )tγ  is given by the Neumann series over Bessel 
functions. Then, we perform the Fourier transform on both sides of (3.30) and use the well-known 
fact that the Fourier transform of the Bessel function ( )tJn  vanishes for 12 >k  to deduce that the 

same is true for ( )tγ  leading to 

                                                     ( ) 0~ =kγ ,    for 12 >k .    (3.44) 
 
This implies that the Fourier integral for ( )tγ  only involves modes with 11 ≤≤− k  and, therefore, 

the function ( )tγ  behaves at large (complex) t  as 
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Let us now examine the function ( )kΓ~ . We find from (3.43) and (3.33) that ( )kΓ~  admits the 
following representation 
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Here the integrand has poles along the imaginary axis at ignt π4=  (with ,...2,1±±=n ). Taking into 
account the relation (3.45), we find that the contribution to (3.46) at infinity can be neglected for 

12 >k  only. In this case, closing the integration contour into the upper (or lower) half-plane for 
1>k  (or 1−<k ) we find 
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Here the notation was introduced for k-independent expansion coefficients 
 
                                             ( ) ( ) ngeignggnc ππγ 444, −

± ±= m ,    (3.48) 
 
where the factor nge π4−  is inserted to compensate exponential growth of ( ) ngeign ππγ 44 ≈±  at large 

n  (see eq. (3.45)). We recall that in the toy model (3.36), ( )( )ittoyΓ  and ( )( )ittoyγ  are entire functions 
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of t  . At large t  they have the same asymptotic behaviour as the Bessel functions, 
( )( ) ≈Γ ittoy ( )( ) ittoy eit ±≈γ . Performing their Fourier transformation (3.43), we find 
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~~ =Γ= kk toytoyγ ,    for  12 >k ,    (3.49) 

 
in a close analogy with (3.44). Comparison with (3.47) shows that the coefficients (3.48) vanish in 
the toy model for arbitrary n  and g  
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The relation (3.47) defines the function ( )kΓ~  for 12 >k  but it involves the coefficients ( )gnc ,±  that 

need to be determined. In addition, we have to construct the same function for 12 ≤k . To achieve 
both goals, let us return to the integral equations (3.27) and replace ( )t±Γ  by Fourier integrals (see 
eqs. (3.43) and (3.25) 
 

                           ( ) ( ) ( )∫
∞

∞−+ Γ=Γ kktdkt
~

cos ,        ( ) ( ) ( )∫
∞

∞−− Γ−=Γ kktdkt
~

sin .    (3.51) 

 

In this way, we obtain from (3.27) the following remarkably simple integral equation for ( )kΓ~  
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where the integral is defined using the principal value prescription. Let us split the integral in (3.52) 
into 12 ≤k  and 12 >k  and rewrite (3.52) in the form of singular integral equation for the function 

( )kΓ~  on the interval 11 ≤≤− k  
 

                                     ( ) ( ) ( )u
uk

kdk
u φ

π
=

−
Γ+Γ ∫−

1

1

~
1~

,      ( )11 ≤≤− u ,    (3.53) 

 
where the inhomogeneous term is given by 
 

                                        ( ) ( ) ( )









−
Γ+

−
Γ+−= ∫ ∫

−

∞−

∞1

1

~~
2

1
uk

kdk

uk

kdk
u

π
φ .    (3.54) 

 

Since integration in (3.54) goes over 12 >k , the function ( )kΓ~  can be replaced in the right-hand 

side of (3.54) by its expression (3.47) in terms of the coefficients ( )gnc ,± . A general solution for 

the integral equation (3.53) for ( )kΓ~  reads (for 11 ≤≤− k ) 
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where the last term describes the zero mode contribution with c  being an arbitrary function of the 
coupling. We replace ( )uφ  by its expression (3.54), interchange the order of integration and find 
after some algebra 
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With regard the eqs. (3.55-3.56) we have that 45085,0450158,0
2 ≅=

π
; 

  318322,0318309,0
1 ≅=
π

;  159649,01591549,0
2
1 ≅=
π

, values that are inserted in the columns 

(*1/Pigreco), (*1/1,375) and (*1/Pigreco) of the Table concerning the universal music system 
based on Phi.  

Furthermore, we note that the eq. (3.56) multiplied for 
24

4π
, can be related with the Jormakka’s 

equation connected with the Ramanujan’s equation concerning π  (1.18), i.e. 
 

                 ( ) ( ) ( ) ⇒











−









+
−

−
Γ+

+
+









−
+−=Γ ∫

∞

∞−

≤
1

1
1

~

2
1

1
1

1
1

4
~

24
2

4/14/1314 2

p
p

p

kp

pdp

k

c

k

k
k

k

θππ
 

                 ( ) ( )
∫ ∫

−+−⇒
2
1

2
2
3

2
2

2 2
2

1

1
2

3

1 yyy edyxed
ββ ( ) ( ) == ∫

−+− 12 22
3

12
3

2
2

2

βπβ yyxed  

     ( ) ( ) ( ) ( )
=== ∫ ∫ ∫∫

−−−−−− 2
2

2
2
3

2
2
2

2
2
3

2 2
2

1

23

12
2

1

23

1
22

2
3

3

1
22

3

1 yyyy edyedxedxedx
ββββ βπβπ  

        ( )( ) ( )( ) ( ) ( ) 3
2

3

3

2

3

2
22

2
1

2
3

3

1
22

2
1

2
3

3

1
22

2
3

3

1 2
3

22
3

2 −−−−−
=== ∫∫ βπβπβπ ββ yy edyedx   

                                     ( ) ( ) ( ) ⇒×=






= ∫
−+−

6

32
12

2

1
4

822
3

12
3

2
2

2

β
πβπβ yyxed  

                        







+−=








+⇒ ∫ ∫

∞ ∞ 2
3

0 0

2
3

2
33 3

416
1

sinh
sin

sinh
cos πππ

π
π

π
ππ dx

x

x
xdx

x

x
x ;  (3.56b) 

 
We are now ready to write down a general expression for the function ( )tΓ . According to (3.43), it 

is related to ( )kΓ~  through the inverse Fourier transformation 
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where we split the integral into three terms since ( )kΓ~  has a different form for 11,1 ≤≤−−< kk  

and 1>k . Then, we use the obtained expressions for ( )kΓ~ , eqs. (3.47) and (3.56), to find after 
some algebra the following remarkable relation 
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Also, nV  and ±

nU  (with 1,0=n ) stand for integrals 
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which can be expressed in terms of Whittaker functions of 1st and 2nd kind. 
Replacing ( )itΓ  by its expression (3.58), we rewrite these relations in equivalent form 
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Let us substitute (3.58) into the expression (3.26) for the cusp anomalous dimension. The result 
involves the functions ( )tVn  and ( )tfn  (with 2,1=n ) evaluated at 0=t . It is easy to see from (3.60) 

that ( ) 100 =V  and ( ) 201 =V . In addition, we obtain from (3.59) that ( ) 100 −=f  for arbitrary 

coupling leading to 
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Replacing ( )01f  by its expression (3.59) we find the following relation for the cusp anomalous 

dimension in terms of the coefficients cand ±c  
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The following remarkable relation 
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defines the cusp anomalous dimension in the toy model for arbitrary coupling 0>g . At weak 
coupling, we find from (3.63a) 
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The series (3.63b) has a finite radius of convergence 796.00 =g  

 
Furthermore, the eq. (3.56b) can be related with the Ramanujan’s modular equation concerning the 
superstrings and the equation regarding the Palumbo-Nardelli model, i.e. 
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Let us replace ( )tf0  and ( )tf1  in (3.61) by their explicit expressions (3.59) and rewrite the 

quantization conditions (3.61) as 
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where  
4
1−= l

l
x  (with ,...2,1,0 ±±=l ) and the notation was introduced for 
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The relation (3.64) provides an infinite system of linear equations for ( )ngc ,±  and ( )gc . The 

coefficients in this system depend on ( )
l

gxV π41,0  and ( )ngU π41,0
±  which are known functions. We 

examine (3.64) for 1>>
l

x . In this limit, for =g fixed we are allowed to replace the functions 

( )
l

gxV π40  and ( )
l

gxV π41  in both sides of (3.64) by their asymptotic behaviour at infinity. We find 

for 1>>
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where ellipses denote terms suppressed by powers of ( )
l

gx/1  and lxge π8− . We divide both sides of 

(3.64) by ( )
l

gxV π41  and observe that for −∞→
l

x  the first term in the left-hand side of (3.64) is 

subleading and can be safely neglected. In the similar manner, one has 
( ) ( ) ( )

lll
xOgxVxnA /14/, 1 =± π  for fixed n  in the right-hand side of (3.64). Therefore, going to the 

limit −∞→
l

x  in both sides of (3.64) we get 

                                                                 
                                                                  ( ) 0=gc     (3.67) 
 
for arbitrary g .  
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Arriving at (3.67), we tacitly assumed that the sum over n  in (3.64) remains finite in the limit 
−∞→

l
x . Taking into account large n  behaviour of the functions ( )ngU π40

±   and  ( )ngU π41
± , we 

obtain that this condition translates into the following condition for asymptotic behaviour of the 
coefficients at large n   
 
                                     ( ) ( )4/1, nognc =+ ,            ( ) ( )4/1, −

− = nognc .    (3.68) 
 
These relations also ensure that the sum in the expression (3.63) for the cusp anomalous dimension 
is convergent. 
In the following Table, we have showed the comparison of the numerical value of ( ) ( )ggcusp 2/Γ  

found from (3.64) and (3.63) for 40max =n  with the exact one for different values of the coupling 

constant g  
 
    
    g     |    0.1    |    0.2    |    0.4    |    0.6    |   0.8     |    1.0    |    1.2    |    1.4    |    1.6    |    1.8    | 
----------------------------------------------------------------------------------------------------------------- 
numer | 0.1976 | 0.3616 | 0.5843 | 0.7096 | 0.7825 | 0.8276 | 0.8576 | 0.8787 | 0.8944 | 0.9065 | 
----------------------------------------------------------------------------------------------------------------- 
exact   | 0.1939 | 0.3584 | 0.5821 | 0.7080 | 0.7813 | 0.8267 | 0.8568 | 0.8781 | 0.8938 | 0.9059 | 
-----------------------------------------------------------------------------------------------------------------  
 
We note that there is the mathematical connections between these values and the following:  0,1967 
(*1/1,375), 0,36067 (*Pigreco), 0,5835 (*Pigreco), 0,7081 (*Pigreco), 0,7869 (*1/Pigreco), 0,8333 
(*1/Pigreco), 0,8498 (*Pigreco), 0,8753 (*Pigreco), 0,8989 (*1/1,375), 0,9017 (*1/Pigreco). All 
values inserted in the columns of the Table concerning the universal music system based on Phi.  
 
 
At large g  the integral in (3.29) receives a dominant contribution from gt ≈ . In order to evaluate 
(3.29) it is convenient to change the integration variable as gitt π4→  
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where integration goes along the imaginary axis. We find from (3.58) that ( )gitπ4Γ  takes the form 
 
                                 ( ) ( ) ( ) ( ) ( )gtVgtfgtVgtfgit πππππ 44444 1100 +=Γ ,    (3.70) 

 
where ( )gtV π41,0  are given by the Whittaker functions of first kind.  

 

We note that 145833,1146318,1
28
2 ≅=

π
 value that is inserted in the column (*1,375) of the Table 

concerning the universal music system based on Phi.  
 
 
We have that ( )gtf π41,0  admit the following representation (see eqs. (3.59) and (3.67)) 
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Replacing ( )gitπ4Γ  in (3.69) by its expression (3.70), we evaluate the t-integral and find after some 
algebra 
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This relation can be further simplified with a help of the quantization conditions (3.61). For 0=l , 
we obtain from (3.61) that  ( ) ( ) ( ) ( ) 01100 =−−+−− gVgfgVgf ππππ . Together with the Wronskian 

relation for the Whittaker functions this leads to the following remarkable relation for the mass gap 
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The functions ( )gtf π40  and ( )gtf π41  have the form 
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PT
nn πδππ 444 += ,        ( )1,0=n .    (3.74) 

 
Going through calculation of (3.71), we find after some algebra that perturbative corrections to 

( )gtf π40  and ( )gtf π41  are given by linear combinations of the ratios of Euler gamma-functions 
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In the similar manner, we compute non-perturbative corrections to (3.74) 
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where ellipses denote ( )4ΛO  terms. 

Let us obtain the strong coupling expansion of the mass gap (3.73). We replace ( )gV π−0  by its 

asymptotic series 
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and take into account (3.75) and (3.76) to get 
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that can be connected with the eq. (3.69), obtaining the following mathematical connection: 
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With regard this equation, we have that: ( ) 24730,223903,222 4/1 ≅=π ;   

898958,0892161415,0
32

2ln615
1 ≅=−−

π
 that are inserted in the columns (*1/Pigreco) and 

(*1/1,375) of the Table concerning the universal music system based on Phi. 
Furthermore, this equation can be related also with the Ramanujan modular equation regarding the 
superstrings and the equation concerning the Palumbo-Nardelli model. Thence, we obtain: 
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4. On some equations concerning the “fractal” behaviour of the partition function. [5] [6]   

 
(see the following introduction: http://www.fractal.org/Bewustzijns-Besturings-Model/Partition-
numbers-are-fractal.pdf ) 
 
The study of ( )np  has played a fundamental role in the number theory. The very famous 
mathematicians Hardy and Ramanujan invented the “circle method” in analytic number theory in 
their work on ( )np  asymptotics. They proved the asymptotic formula 
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Rademacher subsequently perfected this method to derive his famous “exact” formula 
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and this equation can be rewritten also as follows: 
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In terms of congruences, ( )np  has served as a testing ground for fundamental constructions in the 
theory of modular forms. The theory of Ramanujan’s celebrated congruences, assert that 
 
 
 
                                                    ( )( ) 05 5 ≡+ mnp m δ    (mod m5 ), 

                                                    ( )( ) 07 7 ≡+ mnp m δ    (mod [ ] 12/7 +m ), 

                                                  ( )( ) 011 11 ≡+ mnp m δ    (mod m11 ),            (4.1) 
 
where ( ) mm l

l
<< δ0  satisfies the congruence  ( ) 124 ≡m

l
δ   (mod m

l ).  To prove these 

congruences, Atkin, Ramanujan and Watson made use of special modular equations to produce l -
adic expansions of generating functions 
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(note that  izeq π2:=   throughout,  ( ) 10 =p , and ( ) 0=αp  if 0<α  or Z∉α ). 

Little is known about the l -adic properties of the ( )zbP ;
l

, as +∞→b , for primes 13≥l . Has been 

observed that these functions are nicely constrained l -adically. Furthermore, they are “self-
similar”, i.e. have a “fractal” behaviour, with resolution that improves as one “zooms in” 
appropriately. Throughout, if 5≥l  is prime and 1≥m , then we let 
 



 61 

                              ( ) =:mb
l

   2m                         if 5≥l   and  7≠l , 

                                               2m                        if  7=l  and m  is even, 
                                               ( )1+mm               if  7=l  and m  is odd.        (4.3) 
 
Theorem 1.1 
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n
p

bb
ll

l
    (mod m

l ).    (4.4) 

 
If { }11,7,5∈l , then ( ) 0,, 21 =mbbA

l
. 

 
Now we illustrate Theorem 1.1 with 13=l . For 1=m , Theorem 1.1 applies for every pair of 
positive integers 21 bb <  with the same parity. We let 1:1 =b  and 3:2 =b . It turns out that 

( ) 61,3,113 =A , and so we have that 

 
                                            ( ) ( )61361007133 +≡+ npnp       ( )13mod . 
 
By direct calculation, we find that 
 

          ( )∑
∞

=

++++++=+
0

5432 ...281832304291320534804500942940666136
n

n qqqqqqnp  

                                      ...10710521 5432 ++++++≡ qqqqq     ( )13mod , 
 
and 

                         ( )∑
∞

=

+=+
0

3 26006491578237288728813172466849100713
n

nqnp   

               ...11125139058340615179041496162936377645043046677115099167550 ++ q  

                                      ...10710521 5432 ++++++≡ qqqqq     ( )13mod . 
 
We note that  (for n = 0, 1, 2, 3, 4, and 5, i.e. 13n + 6 = 6, 19, 32, 45, 58, and 71) 
 

                  
( )

78
13
71

:28183230 =p
;      

( )
78

13
58

:4291320 =p
;      

( )
78

13
45

:534804 =p
; 

 

                             
( )

78
13
32

:50094 =p
;      

( )
78

13
19

:2940 =p
;      

( )
78

13
6

:66 =p
, 

 
and that 
 

         
( )

28183230
13

7871 =×= p
x ;      

( )
4291320

13
7858 =×= p

x ;      
( )

534804
13

7845 =×= p
x ; 
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( )

50094
13

7832 =×= p
x ;      

( )
2940

13
7819 =×= p

x ;      
( )

66
13

786 =×= p
x . 

 
From these expressions, it is evident the “fractal” behaviour of the partition numbers. 
We zoom in and consider 2=m . It turns out that 2:1 =b  and 4:2 =b  satisfy the conclusion of 

Theorem 1.1 with ( ) 452,4,213 =A , which in turn implies that 

 
                                       ( ) ( )16213452737113 24 +≡+ npnp     ( )213mod . 
 
For ,1,0=n  and 2, we find that the smaller partition numbers give 
 
                                 ( ) 99665584612570816201345 2 ≡=+⋅p     ( )213mod , 

                      ( ) 89619997675354605648816211345 2 ≡=+⋅p     ( )213mod , 

           ( ) 2062156584457977103507426416221345 2 ≡=+⋅p     ( )213mod . 
 
Although the other partition numbers are way too large to give here, we find 
 

( ) 99...407528122102244270856159561780139171058165383273710134 ≡=+⋅p   ( )213mod , 

( ) 89...362125332076191696971008932324321867470616794273711134 ≡=+⋅p   ( )213mod , 

( ) 20...813911557058593396096312856127388511117777554273712134 ≡=+⋅p   ( )213mod . 
 
We note, with regard the second expression, that 89 is a Fibonacci’s number. 
We recall Dedekind’s eta-function 
 

                                       ( ) ( ) ( )∏ ∑
∞

= ∈

++

−=−=
1

24

1

2

3

24

1 2

11:
n Zk

kk
kn qqqzη .    (4.5) 

 
If 5≥l  is prime and 1≥m , then we let  ( ) ( )1: 1 −= −

ll
l

mmk . We define ( )m
l

Ω  to be the ZZ m
l/ -

module of the reductions modulo m
l of those forms which arise as images after applying at least the 

first ( )mb
l

 operators. We bound the dimension of ( )m
l

Ω  independently of m , and we relate the 

partition generating functions to the forms in this space. 
 
Theorem 1.2 
 

If 5≥l  is prime and 1≥m , then ( )m
l

Ω  is a ZZ m
l/ -module with rank 




 −≤
12

1l
. Moreover, if 

( )mbb
l

≥ , then we have that 

 

                                       ( ) ( )
( )z

zbF
zbP

η
;

; l

l
≡     ( )m

lmod       if b  is even 

                                                   
( )
( )z

zbF

l

l

η
;≡     ( )m

lmod       if b  is odd,          (4.6) 

 
where  ( ) ( )mzbF

ll
Ω∈; . 
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Each form ( ) ( )mzbF
ll

Ω∈;  is congruent modulo l  to a cusp form in [ ][ ]qZS ∩−1l
. Since these 

spaces are trivial for { }11,7,5∈l , Theorem 1.2 for these l  follows immediately from the 

Ramanujan congruences. Conversely, if { }11,7,5∈l  and 1≥m , then for ( )mbb
l

≥  we have that 

 
                                               ( )( ) 0≡+ bnp b

l
l δ      ( )m

lmod .    (4.7) 

 
Theorem 1.2 shows that the partition numbers are self-similar l -adically with resolutions that 
improve as one zooms in properly using the stochastic process which defines the ( )zbP ;

l
. Indeed, 

the ( )zbP ;
l

 ( )m
lmod , for ( )mbb

l
≥ , form periodic orbits. Theorem 1.2 bounds the corresponding 

“Hausdorff dimensions”, and these dimensions only depend on l . For { }11,7,5∈l , the dimension is 
0, a fact that is beautifully illustrated by Ramanujan’s congruences*, and for 2313 ≤≤ l , the 
dimension is 1. Theorem 1.1 summarizes these observations for 235 ≤≤ l  and include the primes 

29=l  and  31. 
 
*(In mathematics, Ramanujan's congruences are some remarkable congruences for the partition 
function p(n). The Indian mathematician Srinivasa Ramanujan discovered the following 
 

                                              
                                              
                                            
 
In his 1919 paper (Ramanujan, 1919), he gave proof for the first two congruences using the 
following identities (using q-Pochhammer symbol notation): 
 
 

                                                    

                                       
 
then stated that “It appears there are no equally simple properties for any moduli involving primes 
other than these”) [from Ramanujan's congruences - Wikipedia, the free encyclopedia]. 
 
The following theorem gives the finite algebraic formula for ( )np .  
 
Theorem 1.3 
 
If n  is a positive integer, then we have that 
 

                                                      ( ) ( )nTr
n

np ⋅
−

=
124

1
.    (4.8) 

 
The numbers ( )QP α , as Q  varies over nQ , form a multiset of algebraic numbers which is the union 

of Galois orbits for the discriminant 124 +− n  ring class field. Moreover, for each nQ Q∈  we have 

that ( ) ( )QPn α1246 −  is an algebraic integer. 
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Theorem 1.3 gives an algorithm  for computing ( )np , as well as the polynomial 
 
                 ( ) ( ) ( ) ( ) ( ) ( )( ) [ ]∏

∈

+−+− ∈−=+−−=
nQ

Q
nhnh

n xQPxxnpnxxH
Q

α:...124 124124 .    (4.9) 

 
Let L  be the following lattice 

                                                








∈








−
= Zcba

bc

Nab
L ,,:

/
: .    (4.10) 

 

For Zk
2
1∈ , we let ( )NHk  denote the space of harmonic Maass forms of weight k  for ( )N0: Γ=Γ . 

We let ( )NH k
∞  denote the subspace of ( )NHk  consisting of those harmonic Maass forms whose 

principal parts at all cusps other than ∞  are constant. We write ( ) ( ) ( )NHNMNM kkk
∞∞ ∩= !! . For a 

weak Maass form f  of weight  – 2  for Γ  we define 
 

                                   ( ) ( )( ) ( )∫ Θ=Λ −M KMLz zzfRLf ϕττ τ ,,, ,2,2/3 .    (4.11) 

 

The Kudla-Millson theta kernel has exponential decay as ( )2CyeO −  for ∞→y  at all cusps of Γ with 

some constant 0>C . Therefore the theta integral converges absolutely. It defines a [ ]LLC /' -valued 

function on H that transforms like a non-holomorphic modular form of weight – 1/2 for Γ~ . We 
denote by ( )fh ,τΛ  the components of the lift ( )f,τΛ  with respect to the standard basis hh)(e  of  

[ ]LLC /' . The group ( )LL /'Ο  can be identified with the group generated by the Atkin-Lehner 
involutions. The following proposition, which is easily checked, shows that the theta lift is 
equivariant with respect to the action of ( )LL /'Ο . 
 
Proposition 1.1 
 
For ( )LL /'Ο∈γ  and LLh /'∈ , we have 
 

                                                  ( ) ( )1
2,, −

−Λ=Λ γττγ ff hh .    (4.12) 

 
Theorem 1.4 
 
If m  is a positive integer, then we have 
 

                     ( )( ) ( )
∑ 







 −+⋅







 −Γ

−=−Λ
−

mn n

m

Nn

m

s

m

s
n

s
sNs

szF
2
1

,
4
1

2
,

2
1

2

12
2,,,

,
4

2

2

2 τπτ F .    (4.13) 

 
By definition we have 
 

                          ( )( ) ( )( ) ( )∫ Θ−=−Λ −M KMLmzm zszFRLszF ϕττ τ ,,2,,2,,, ,2,2/3 .    (4.14) 
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Employing the following proposition  
 
Proposition 1.2 
 

                                     ( ) ( ) ( )2,,2/,,
4

1 ++= kszFkskszFR
m mmkπ

,    (4.15) 

 
and  

                      ( ) ( ) ( ) Ω⋅Θ∆=Θ−=Θ SLzSL
c

KML zzddzL ϕτ
π

ϕτϕττ ,,
4
1

,,,, ,0,2/3 ,    (4.15b) 

 
we see that this is equal to 

                                            ( ) ( ) ( )∫ ΩΘ∆−
M SLzm zszFsm ϕτ ,,0,,1 ,0 .    (4.16) 

 
Using the following definition 
 

                                    ( ) ( ) ( ) ( )[ ]∑
ΓΓ∈ ∞

−
Γ

=
\

, 4
22

1
,,

γ
γπ kksm mxemy

s
kszF M ,    (4.17) 

 
we find, by the usual unfolding argument, that 
 

                 ( )( ) ( )
( ) ( ) ( ) ( )∫

∞Γ
ΩΘ∆−

Γ
−=−Λ

H SLzsm zmxemy
s

sm
szF

\ ,00, ,,4
2

1
2,,, ϕτπτ M .    (4.18) 

 
By the following proposition 
 
Proposition 1.3 
 

    ( ) ( ) ( )( ) γµτπτϕτ ρ
γ

K
n zz

K

z

SL zn
v

n
z ,2/1

1 ~
\

~
2

2

22
0,,

2
exp

22

1
0,0,

2

1
,, −

∞

= ΓΓ∈
∑ ∑

∞









Ξ







−+Ξ⋅=Θ

lll

,    (4.19) 

 

we may replace ( )SLz z ϕτ ,,,0 Θ∆   by ( )SLz z ϕτ ,,
~

,0 Θ∆ , where 

 

                   ( ) ( )( )∑ ∑
∞

= ΓΓ∈
−

∞









Ξ







−=Θ

1 ~
\

~
,2/12

2

2
0,,

2
exp

22

1
,,

~

n zz

SL K
zn

v

n
z

γ
ρ γµτπϕτ

ll

.    (4.20) 

 

Recall that 
2

2

2
1
Nyz =l  . The function ( )SL z ϕτ ,,

~Θ  and its partial derivatives have square 

exponential decay as ∞→y . Therefore, for ( )sR  large, we may move the Laplace operator to the 
Poincaré series and obtain 
 

                     ( )( ) ( )
( ) ( ) ( )( ) ( )∫

∞Γ
=ΩΘ−∆

Γ
−=−Λ

H SLszm zmxemy
s

sm
szF

\ 0,,0 ,,
~

4
2

1
2,,, ϕτπτ M   

    
( )
( ) ( ) ( ) ( ) ( )

( ) ( )∫ ∑ ∑
∞

∞
Γ

∞

= ΓΓ∈
−Γ

−−=ΩΘ−
Γ

−−=
H

n
SLs K

nmsI
s

sms
zmxemy

s

sms
\

1 ~
\

~
,2/1

2

0,

2

,,,
2

1
,,

~
4

2
1

γ
ρ γτϕτπM ,           
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                                                                                                                                                  (4.21) 
where 
 

         ( ) ( ) ( ) ( )( )∫ ∫
∞

= =
Ξ







−−=

0

1

0 22

2

20, 0,,
2

exp
22

1
4,,,

y x
zz

s y

dxdy
zn

v

n
mxemynmsI µτππτ

ll

M .    (4.22) 

 

If we use the fact that 








−
=

N

N
ZK

2/10

02/1
' , and identify NZZKK 2//' ≅ , then we have 

 

                                      ( )( ) ∑
∈









−−=Ξ

Zb
bnbx

N

b
evzn eτµτ

4
0,,

2

.    (4.23) 

 
Inserting this in the formula for ( )nmsI ,,,τ , and by integrating over x , we see that ( )nmsI ,,,τ  
vanishes when  n†m. If  n|m, then only the summand for nmb /−=  occurs and so 
 

               ( ) ( ) nms Nn

m
e

y

dy

v

yNn
my

Nv
nmsI /0 2

222

0, 4
exp4

2
,,, −

∞

∫ 







−








−= eM τππτ .    (4.24) 

 
To compute this last integral, we note that 
 

                        ( ) ( ) ( ) ( )myImysmyMmy s
s

ss ππππ 242/1244 2/1
12

2/1,00, −
−

− ⋅+Γ==M . 

 
Substituting 2yt =  in the integral, we obtain 
 

   ( ) ( ) ( )∫∫
∞

−
−∞

=







−+Γ=








−

0

22

2/1
12

22

0 0, exp242/12exp4
y

dy

v

yNn
myImys

y

dy

v

yNn
my s

s
s

πππππM  

                         ( ) ( )∫
∞ −

−
−









−+Γ=

0

4/3
2

2/1
12 exp22/12 dtt

v

tNn
tmIms s

s πππ .    (4.25) 

 
The latter integral is a Laplace transform. Inserting the evaluation, we obtain 
 

      ( ) ( ) =























Γ=








− −

−∞

∫ 2

2

2

2

4/12/,4/1

4/1

2

2
12

22

0 0, 2
exp2/2exp4

Nn

vm

Nn

vm
M

vm

Nn
s

y

dy

v

yNn
my s

s
s

ππ
π

ππM  

                              ( ) .
2

exp2/2 2

2

2

2

2/1,4/12/

2/1

2

2
12

























Γ= −+

−

Nn

vm

Nn

vm

vm

Nn
s s

s ππ
π

M     (4.26) 

 
Consequently, we have in the case mn  that 

 

                   ( ) ( ) nms

s

u
Nn

m
e

Nn

vm
s

m

Nn
nmsI /2

2

2

2

2/1,4/12/

22

4
2/

2
,,, −−+

−









−








Γ= eM

π
π

τ .    (4.27) 

 
Substituting this in (4.21), we find 
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                     ( )( ) ( )
∑ 







 −+⋅







 −Γ

−=−Λ
−

−

mn n

m

Nn

m

s

m

s
n

s
sNs

szF
2
1

,
4
1

2
,

2
1

2

12
2,,,

,
4

2

2

2 τπτ F .    (4.28) 

 
Since ( ) ( )2/1,,2/1,, ,, −=− − ss hmhm ττ FF , this concludes the proof of the Theorem 1.4. 

 
Corollary 1.5 
 
If ( )NHf 2−∈  is a harmonic Maass form of weight  – 2  for ( )N0Γ , then ( )f,τΛ  belongs to 

L
H ρ,2/1− . In particular, we have 

 

                                 ( )( ) ∑ 






 −⋅−=−Λ
nm n

m

Nn

mm nNzF
2
1

,
4
5

,22,2,,
,

4 2

2 ττ F .    (4.29) 

 
The formula for the image of the Poincaré series ( )2,2, −zFm  is a direct consequence of Theorem 

1.4. These Poincaré series for 0>∈ Zm  span the subspace ( ) ( )NHNH 22 −
∞
− ⊂  of harmonic Maass 

forms whose principal parts at all cusps other than ∞  are constant. Consequently, we find that the 
image of ( )NH ∞

−2  is contained in 
L

H ρ,2/1− . For simplicity, here we only prove that the image of the 

full space ( )NH 2−  is contained in 
L

H ρ,2/1−  in the special case when N  is squarefree. When N  is 

squarefree, then the group ( )LL /'Ο  of Atkin-Lehner involutions acts transitively on the cusps of  

( )N0Γ . Consequently, we have 

 
                                                     ( ) ( )

( )
∑
Ο∈

∞
−− =

LL

NHNH
/'

22
γ

γ .    (4.30) 

 
Using Proposition 1.1, we see that the whole space ( )NH 2−  is mapped to 

L
H ρ,2/1− .  

 
Theorem 1.6 
 

Let ( )NHf 2−∈  and put fRf z,24
1

: −=∂
π

. For 0>∈Qm  and LLh /'∈  the ( )hm, -th Fourier 

coefficient of the holomorphic part of ( )f,τΛ  is equal to 
 

                                                  ( ) ( )
( )
∑

∈

∂−=
hmZz

f zf
m

hmtr
,2

1
, .    (4.31) 

 
Inserting the definition of the theta lifting and using (4.15b), we have 
 

                  ( ) ( ) ( ) ( ) ( )∫ ∫ ΩΘ∆∂=Θ∂=Λ
M M SLzKML zzfzzfLf ϕτϕτπτ τ ,,,,4, ,0,2/3 .    (4.32) 

 
For ( )RVX ∈  and Dz∈  we define  ( ) ( ) ( )zXezX S

XQ
S ,, 20 ϕϕ π= . Then the Fourier expansion of the 

Siegel theta function in the variable τ  is given by 
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                                          ( ) ( ) ( )∑
∈

=Θ
'

0 ,,,
LX

X
XQ

SSL qzXvz eϕϕτ .    (4.33) 

 
For 0>∈Qm  and LLh /'∈ , we put ( ){ }mXQhLXL hm =+∈= ;, . The group Γ acts on hmL ,  with 

finitely many orbits. We write ( )hmC ,  for the ( )hm, -th Fourier coefficient of the holomorphic part 

of ( )f,τΛ . Using (4.33), we see that 
 

                                       ( ) ( ) ( )∫ ∑
∈

Ω∆∂=
M

LX
Sz

hm

zXvzfhmC
,

,, 0
,0 ϕ .    (4.34) 

 
For ( ) 0>XQ  the function ( )zXS ,0ϕ  has square exponential decay as ∞→y . This implies that we 

may move the Laplacian in the integral to the function f∂ . Since ff ∂−=∂∆ 20 , we see that  

 

                                         ( ) ( ) ( )∫ ∑
∈

Ω∂−=
M

LX
S

hm

zXvzfhmC
,

,2, 0ϕ .    (4.35) 

 
Using the usual unfolding argument, we obtain 
 

                                   ( ) ( ) ( )∑ ∫
Γ∈

Ω∂
Γ

−=
hmLX

D S
X

zXvzfhmC
,\

0 ,
1

2, ϕ .    (4.36) 

 
Furthermore, we have the following relationship: 
 

           ( ) ( ) ( )∫ ∑
∈

Ω∂−=
M

LX
S

hm

zXvzfhmC
,

,2, 0ϕ ( ) ( )∑ ∫
Γ∈

Ω∂
Γ

−=
hmLX

D S
X

zXvzf
,\

0 ,
1

2 ϕ .    (4.36b) 

 
It is convenient to rewrite the integral over D  as an integral over ( ) ( )RSLRG 2= . If we normalize 
the Haar measure such that the maximal compact subgroup SO(2) has volume 1, we have 
 

                       ( ) ( ) ( ) ( )
( )

( )dggiXvgifzXvzfXI
D RG SS ,,: 00
∫ ∫ ∂=Ω∂= ϕϕ .    (4.37) 

 
Using the Cartan decomposition of ( )RG  and the uniqueness of spherical functions, we find that 
 

                                              ( ) ( ) ( )NmvYDfXI X /λ⋅∂= ,    (4.38) 

 
where  

                              ( ) ( ) ( )( ) ( )( )∫
∞ −

− −=
1

22
10

2
,4

a

daaa
aiiXattY S αωαϕπ λλ .    (4.39) 

 

Here ( )gλω  is the standard spherical function with eigenvalue 2−=λ , and ( ) 







= −10

0

a

a
aα . Note 

that ( )( )
2

22

2

−

−
+= aa

aαω . It is easy computed that 
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                                             ( ) ( )( ) ( )2222

,10 −−−− = aaNt
S veiiXat παϕ ,    (4.40) 

 
and therefore 

                               ( ) ( ) ( ) ( )∫
∞ − ==
0 2

sinh4

4
sinhcosh2

22

Nt

v
drrrevtY rNtπ

λ π .    (4.41) 

 
Thence, we have the following relationship: 
 

 ( ) ( ) ( )( ) ( )( )∫
∞ −

− −=
1

22
10

2
,4

a

daaa
aiiXattY S αωαϕπ λλ

( ) ( ) ( )∫
∞ − ==
0 2

sinh4

4
sinhcosh2

22

Nt

v
drrrev rNtππ .   

                                                                                                                                   (4.41b) 

Hence ( )
m

NmvY
4
1

/ =λ . Inserting this into (4.36), we obtain the assertion. 

Now we consider the theta integral (4.11) in the special case when 6=N . We identify the 
discriminant form LL /'  with ZZ 12/  together with the ZQ / -valued quadratic form 24/2rr −a . 

The function ( ) 1−τη  can be viewed as a component of a vector valued modular form in !
,2/1 L

M ρ−  as 

follows. We define 
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Using the transformation law of the eta-function under 1+ττ a  and ττ /1−a , it is easily 
checked that !

,2/1 L
MG ρ−∈ . The principal part of G  is equal to 24/1−q ( )11751 eeee +−− − . On the 

other hand, G  can be obtained as a theta lift. Let ( )6!
2−∈ MF  be the function defined in the 

following expression 
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It is invariant under the Fricke involution 6W , and under the Atkin-Lehner involution 3W  it is taken 

to its negative. Hence, in terms of Poincaré series we have 
 
                         ( ) ( ) ( ) ( ) 6131211 2,2,2,2,2,2,2,2, WFWFWFFF −⋅+−⋅−−⋅−−⋅= .    (4.43) 

 

The function P  is given by ( )FR 24
1

−π
. Using Corollary 1.5 and Proposition 1.1, we see that 

( )F,τΛ  is an element of !
,2/1 L

M ρ−  with principal part 24/14 −− Nq ( )11751 eeee +−− − . Consequently, 

we have  

                                                       ( )F
N
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4
1 τΛ⋅−= .    (4.44) 

 
Now Theorem 1.6 tells us that for any positive integer n  the coefficient of G  with index 
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On the other hand, this coefficient is equal to ( )np  because 
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We have proved, with all these computations and proofs, that ( ) ( ) ( )124/ −= nnTrnp . To complete 
the proof of Theorem 1.3, we require results from the theory of complex multiplication, and some 
new general results which bound the denominators of singular moduli. 
We first recall classical facts about Klein’s j -function 
 
                                 ( ) ....21493760196884744 21 ++++= − qqqzj     (4.47) 
 
A point H∈τ is a CM point if it is a root of a quadratic equation over Z. The singular moduli for 

( )zj , its values at such CM points, play a central role in the theory of complex multiplication. 
 
 
Theorem 1.7  
 
Suppose that  22 cybxyaxQ ++= is a primitive positive definite binary quadratic form with 

discriminant  042 <−= acbD and let HQ ∈α be the point for which ( ) 01, =QQ α  . Then the 

following are true: (1) We have that j(αQ) is an algebraic integer, and its minimal polynomial has 
degree h(D), the class number of discriminant D positive definite binary quadratic forms. (2) The 
Galois orbit of j(αQ) consists of the j(z)-singular moduli associated to the h(D) classes of 
discriminant D forms. (3) If K = Q(√D), then the discriminant D singular moduli are conjugate to 
one another over K. Moreover, K(j(αQ)) is the discriminant – D Hilbert class field of K. 
 
Theorem 1.7  and the properties of the weight 2 nonholomorphic Eisenstein series 
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will play a cental role in the proof of Theorem 1.3. 
For a positive integer N, we let ζN denote a primitive N-th root of unity. For a discriminant – D < 0 
and r∈Z  with r2 ≡ – D (mod 4N)  we let QD,r,N denote the set of positive definite integral binary 
quadratic forms [a,b,c] of discriminant – D with  N | a  and  b ≡ r (mod 2N).  

For Q = [a,b,c]∈QD,r,N  we let 
a

Db
Q 2

−+−=α be the corresponding Heegner point in H. We write 

OD for the order of discriminant – D in Q(√-D). 
 
 
Theorem 1.8 
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Let D > 0 be coprime to 6 and r∈Z with r2 ≡ – D (mod 24). If Q∈QD,r,6 is primitive, then 6D · P(αQ)  
is an algebraic integer contained in the ring class field corresponding to the order OD ⊂ Q(√-D). 
 
By Theorem 1.8, the multiset of values P(αQ) is a union of Galois orbits. Thereofore, Theorem 1.8       
completes the proof of Theorem 1.3. 
                                                                 
 
                                                                 Conclusion 
 
The important result that we have obtained in this paper, is that the “fractal” behaviour of 
the partition numbers can be the motivation whose very values of the equations concerning 
the string theory are connected with (*1,375) that is the mean value (σ  factor) of the partition 
numbers. 
 
The golden angle is about 137,5 degrees. The exact value is 360/Phi2 = 137,50776405. 
The music system  contains exactly this value with the pure number of 1,90983006 multiplied by 
72Hz, the basis frequency that was chosen.  
There is also the mathematical connection with PiGreco, indeed: 432/PiGreco = 137,509870831 
almost identical to the value of the golden angle. We note that both the values 137,5077 and 
137,5098 divided by 100 give 1,375077 and 1,375098 thence once again the mean coefficient (σ  
factor) of the number of partitions. 
So, everything is connected: Pigreco, Phi and Sigma that are all in the music system based on Phi 
and they determine the “notes”, thence the vibrations “gold” of the universe of strings. 
 
  

Appendix A. (Francesco Di Noto) [7] 
 

Now we want to analyze the following 4 series of numbers that we have in various equations of the 
third Section of this paper. We show the mathematical connections with  F, 2T, W, i.e. with the 

Fibonacci's numbers, the triangular numbers and the Witten's numbers. 
 
 

First series:  3, 4, 8, 32, 40, 44, 45, 73, 630, 887, 14175 
 

Second series:  1, 2, 3, 4, 7, 16, 21, 23, 25, 27, 54, 166, 1605, 43065 
 

Third series:      1, 2, 3, 4, 5, 6, 7, 8, 11, 16, 32, 45, 61, 64, 81, 104, 128, 192, 512, 1024, 6144 
 

Fourth series:  1, 2, 3, 5, 9, 12, 16, 32, 45, 64, 96, 232, 256, 1575, 3614, 20416 
 
 

1°serie 2°serie 3°serie 4°serie Fibonacci Triangular 2T W 
 1 1 1 1 1 2 2 
 2 2 2 2 3 4 4 
3 3 3 3 3 6 12 7 
4 4 4  5 10 20 8 
 7 5 5 8 15 30 14 
8  6 9 13 21 42 16 
32 16 7 12 21 28 56 21 
 21 8 16 34≈32 36 72 32 

40 23 11 32 55≈54 45 90 105 
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44 25 16 45 89≈96 55 110 154 
45 27 32 64 144≈166 66 112 175 
73 54 45 96 233≈232 78 156 256 
630 166 61 232 377 91 182 945 
887 1605 64 256 610≈630 105 210 4096 

14175 43065 81 1575 987≈887 120 240 8085 
  104 3614 1597≈1605 136 272 10493 
  128 20416 2584 153 306 74247 
  192  4181 171 342 363825 
  512  6765 190 380  
  1024  10946 210 420  
  6144  17711 231 462  
    28657       252 504  
    46368 275 550  

    75025 299 598  
    121393 324 648  
    196418 350 700  
    317811 377 754  
     405 810  
     434 868  
     464 928  
     495 990  
     527 1054  
     560 1120  
     594 1188  
     629 1258  
     665 1330  
     702 1404  
     740 1480  
     779 1558  
     819 1638  
     860 1720  
     902 1804  
     945 1890  
     989 1978  
     1034 2068  
     1080 2160  
     1127 2254  
     1175 2350  
     1224 2448  
     1274 2548  
     1325 2650  
     1377 2754  
     1430 2860  
     1484 2968  
     1539 3078  
     1595 3190  
     1652 3304  
     1710 3420  
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     1769 3538  
     1829 3658  
     1890 3780  
     1952 3904  
     2015 4030  
     2079 4158  
        
        
        
        
        
        
 
In blue we have the numbers that are in two or most series: they are powers of 2:   2, 4, 8, 16, 32, 
64.In red we have other powers of 2: 128, 256, 512, 1024. In green some powers of 3 (9,  27, 81) 
not repeated. In clear brown the Witten's numbers W that are in some of the four series : 2, 4, 7, 8, 
16, 21, 32, 256 : that are all powers of 2 (except 7 and 21 =7*3) and with index 1, 2, 3, 4, 5, 8, that 
are all Fibonacci's numbers except 4.  
All the numbers of the four series almost coincide with each other, and also with the Fibonacci' 
numbers, the triangular numbers T and 2T, and the Witten's numbers, after thin out more. It would 
be interesting to compare their graphics, similar at the begin and after more and more divergent. 
 
Fibonacci's numbers: 
 
0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55 , 89, 144, 233, 377, 610, 987, 1597, 2584, 4181, 6765, 10946, 
17711, 28657, 46368, 75025, 121393, 196418, 317811 
 
The numbers in blue, coincide exactly with the Fibonacci's numbers, furthermore, also the other 
numbers of the four Tables are algebraic sums of Fibonacci's numbers. Indeed:  
 
4 = 3 + 1; 6 = 5 + 1; 7 = 5 + 2; 9 = 8 + 1; 11 = 3 + 8; 12 = 5 + 5 +2; 16 = 3 + 13; 32 = 21 + 8 + 3; 45 
= 34 + 8 + 3; 61 = 55 + 5 + 1; 64 = 55 + 8 + 1; 81 = 89 – 8; 96 = 89 + 5 + 2; 104 = 89 + 13 + 2; 128 
= 89 + 34 + 5; 192 = 144 + 34 + 13 + 1; 232 = 233 – 1; 256 = 233 + 21 + 2; 512 = 2 x 256; 1024 = 
2 x 512; 1575 = 1597 – 21 – 1; 3614 = 2584 + 987 + 34 + 8 + 1;  
6144 = 6765 – 610 – 8 – 3; 20416 = 17711 + 1597 + 987 + 89 + 21 + 8 + 3. 
 
 
23 = 21 + 2;  25 = 21 +3 + 1; 27 = 21 + 5 + 1; 40 = 34 + 5 + 1; 44 = 34 + 8 + 2; 54 = 55 – 1; 73 = 
55 + 13 + 5; 166 = 144 + 21 + 1; 630 = 610 + 13 + 5 + 2; 887 = 987 – 89 – 8 – 3; 1605 = 1597 + 8; 
14175 = 10946 + 2584 + 610 + 34 + 1; 43065 = 46368 – 2584 – 610 – 89 – 13 – 5 – 2. 
 
Also with the Witten's numbers can be done the same reasoning. 
Indeed, for example, we have that:  
 
1605 = 945 + 256 + 256 + 105 + 32 + 7 + 4;  1575 = 945 + 256 + 256 + 32 + 32 + 21 + 21 + 8 + 4;  
6144 = 4096 + 945 + 945 + 154 + 4;  3614 = 4096 – 256 – 175 – 32 – 8 – 7 – 4. 
 
Also here, thence, numbers of the Tables that are algebraic sums of Witten's numbers.   
 
In conclusion, also for the Triangular numbers can be done the same reasoning of the algebraic 
sums. Indeed: 
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166 = 110 + 56;  1605 = 1558 + 45 + 2; 3614 = 3538 + 72 + 4;   
6144 = 4158 + 1890 + 90 + 6. 
 
Also here, thence, numbers of the  Tables that are algebraic sums of triangular numbers T and 2T  
 
                      
Partitions of numbers,  p(n) 
 
1, 1, 2, 3, 5, 7, 11, 15, 22, 30, 42, 56, 77, 101, 135, 176, 231, 297, 385, 490, 627, 792, 1002, 1255, 
1575, 1958, 2436, 3010, 3718, 4565, 5604, 6842, 8349, 10143, 12310, 14883, 17977, 21637, 
26015, 31185, 37338, 44583, 53174, 63261, 75175, 89134  
 
 
Numbers 4° series coinciding with p(n)- 1, 2, 3, 5,  1575 
 
Numbers 4° series very near to p(n)   12   =11 + 1 
                                                          16  = 15 + 1 
                                                          32=  30  + 2 
                                                          45 = 42 + 3 
                                                            … 
                                                         232 = 231 +1 
                                                      3614 = 3718 - 104  (104 = 101 + 3  ) 
                                                      20416 = 21637- 20416= 1221 =  (1221= 1255 – 34 
 
We note that, five numbers of the 4° series are also numbers p(n) (1,2,3,5,1575) 
while the others  (12,16,32,45,232,3614 and 201416) are very near to others p(n) bigger and 
with differences corresponding to small Fibonacci's numbers) 
 
 
  Table 
 
Numbers 4°serie  p(n) d =.  N 4° serie -P(n)    Fibonacci 
1 1 0 yes 
2 2 0 yes 
3 3 0 yes 
5 5 0 yes 
12 11 1 yes 
16 15 1 yes 
32 30 2 yes 
45 42 3 yes 
232 231 1 yes 
1575 1575 0 yes 
3614 3718 -104 104 -101 = 3   
20416 21637 -1221   1221-1255=-34 
    
    
 
101 and 1255 are p(n) numbers (see series at the begin of the present page) 
 
 All this look very interesting and not casual... 
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Connections between prime numbers, Lie's numbers, Triangular numbers T, 2T, Fibonacci's 
numbers, partitions of numbers, String Theory 

 
 

There exist various mathematical connections that concerning the prime numbers and the String 
Theory. Indeed, we have as follows:  
 
Prime Numbers: 
 
In the equation of the projective geometry n2+n+1, the number n must be prime or power of prime 
 
This equation is also the equation of the Lie's numbers  L(n) = n2+n+1, to the base of the Lie's 
groups: 
 
L(2) = 22+2+1 = 7,  2*7 =   14 number of dimension of the Lie group  G2 
L(3) =32+3+1  =13, 4*13 = 52 number of dimension of the Lie group  F4 
                                   6*13 = 78 number of dimension of the Lie group  E6 
L(5) =52+5+1 = 31=  8*31 =248    number of dimens. of the Lie group  E8 
L (11) =112+11+1 = 133     133     number of dimens. of the Lie group  E7  
 
The equation  L(n) = n2+n+1 = 2T, where T are the triangular numbers (binomial coefficients (the 
second diagonal of the Tartaglia triangle)) the Lie's prime numbers  7, 13, 31 are of the form  6k+1, 
and also  133 = 7*19 with also 19 of the form 6k+1, and this suggests that Nature may prefer this 
form with respect to the form 6k -1 (both the forms are the forms of the prime numbers, except the 
2 and 3, for many values of k. 
 
We note that 2T is also the sum of the first n even numbers 
 
L(n) = 2T+1  is to the base also of the Fibonacci's numbers F and also of the partitions of the 
numbers p(n), that are both in many natural phenomena (quantistics and cosmologic), giving them 
some stability and regularity (especially in the processes of growth). 
The prime numbers are the base of the Riemann zeta function, that is connected to the string 
theory, as also the Fibonacci's numbers (connected to the zeta of Fibonacci, thence also connected 
to the string theory). 
 
These five exceptional Lie's groups are to the base of the string theory, and are the groups of 
simmetry, especially E8, candidate in whole or in part to the Teory of Everything (see Garrett Lisi). 
 
 
 
 
Appendix B (Christian Lange) 
 
Here, we have showed the various columns concerning the universal music system based on Phi 
 
 

Sistema *PiGreco *1/PiGreco *1,375 
0,0131556174964 0,0413295912802 0,0041875631080 0,0180889740576 
0,0135510312596 0,0425718202538 0,0043134272179 0,0186326679820 
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0,0142348954757 0,0447202430511 0,0045311079587 0,0195729812791 
0,0143953404412 0,0452242957761 0,0045821791774 0,0197935931067 
0,0150749962219 0,0473594973837 0,0047985203316 0,0207281198051 
0,0155281000757 0,0487829651221 0,0049427477677 0,0213511376041 
0,0162612375116 0,0510861843046 0,0051761126615 0,0223592015784 
0,0167499958021 0,0526216637597 0,0053316892574 0,0230312442279 
0,0172744085295 0,0542691549314 0,0054986150129 0,0237523117281 
0,0177385302102 0,0557272361938 0,0056463495323 0,0243904790390 
0,0186337200909 0,0585395581465 0,0059312973213 0,0256213651249 
0,0191937872550 0,0602990610349 0,0061095722366 0,0263914574756 
0,0200999949626 0,0631459965116 0,0063980271088 0,0276374930735 
0,0203265468895 0,0638577303808 0,0064701408269 0,0279490019730 
0,0212862362522 0,0668726834325 0,0067756194387 0,0292685748468 
0,0219260291607 0,0688826521337 0,0069792718466 0,0301482900960 
0,0230325447060 0,0723588732418 0,0073314866839 0,0316697489707 
0,0232921501136 0,0731744476831 0,0074141216516 0,0320267064062 
0,0243918562674 0,0766292764569 0,0077641689923 0,0335388023676 
0,0251249937032 0,0789324956395 0,0079975338860 0,0345468663419 
0,0263112349929 0,0826591825604 0,0083751262159 0,0361779481152 
0,0271020625193 0,0851436405077 0,0086268544359 0,0372653359640 
0,0279505801363 0,0878093372197 0,0088969459819 0,0384320476874 
0,0287015447905 0,0901685622606 0,0091359854556 0,0394646240870 
0,0301499924438 0,0947189947674 0,0095970406632 0,0414562396103 
0,0310562001514 0,0975659302441 0,0098854955355 0,0427022752082 
0,0325224750231 0,1021723686092 0,0103522253230 0,0447184031568 
0,0328890437411 0,1033239782005 0,0104689077699 0,0452224351440 
0,0344418537486 0,1082022747127 0,0109631825467 0,0473575489044 
0,0354770604203 0,1114544723875 0,0112926990645 0,0487809580780 
0,0372674401817 0,1170791162929 0,0118625946426 0,0512427302498 
0,0376874905548 0,1183987434592 0,0119963008291 0,0518202995129 
0,0394668524893 0,1239887738406 0,0125626893239 0,0542669221728 
0,0406530937789 0,1277154607615 0,0129402816538 0,0558980039460 
0,0425724725044 0,1337453668650 0,0135512388774 0,0585371496936 
0,0438520583214 0,1377653042674 0,0139585436932 0,0602965801919 
0,0452249886658 0,1420784921511 0,0143955609949 0,0621843594154 
0,0464400750007 0,1458957984544 0,0147823349878 0,0638551031260 
0,0487837125347 0,1532585529139 0,0155283379845 0,0670776047352 
0,0502499874064 0,1578649912790 0,0159950677721 0,0690937326838 
0,0526224699857 0,1653183651208 0,0167502524319 0,0723558962303 
0,0532155906305 0,1671817085813 0,0169390485968 0,0731714371170 
0,0557280900008 0,1750749581452 0,0177388019854 0,0766261237512 
0,0574030895811 0,1803371245212 0,0182719709111 0,0789292481740 
0,0602999848877 0,1894379895348 0,0191940813265 0,0829124792206 
0,0609796406684 0,1915731911423 0,0194104224807 0,0838470059190 
0,0638587087566 0,2006180502975 0,0203268583162 0,0878057245404 
0,0657780874821 0,2066479564010 0,0209378155398 0,0904448702879 
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0,0688837074973 0,2164045494254 0,0219263650934 0,0947150978087 
0,0709541208407 0,2229089447751 0,0225853981291 0,0975619161560 
0,0731755688021 0,2298878293708 0,0232925069768 0,1006164071028 
0,0751416197912 0,2360643607150 0,0239183204434 0,1033197272129 
0,0789337049786 0,2479775476812 0,0251253786478 0,1085338443455 
0,0813061875578 0,2554309215231 0,0258805633076 0,1117960078920 
0,0851449450088 0,2674907337301 0,0271024777549 0,1170742993871 
0,0861046343716 0,2705056867818 0,0274079563667 0,1183938722609 
0,0901699437495 0,2832772328580 0,0287019845321 0,1239836726555 
0,0928801500014 0,2917915969087 0,0295646699757 0,1277102062519 
0,0975674250694 0,3065171058277 0,0310566759691 0,1341552094704 
0,0986671312232 0,3099719346015 0,0314067233097 0,1356673054319 
0,1033255612459 0,3246068241382 0,0328895476401 0,1420726467131 
0,1064311812610 0,3343634171626 0,0338780971936 0,1463428742339 
0,1114561800017 0,3501499162905 0,0354776039708 0,1532522475023 
0,1148061791621 0,3606742490424 0,0365439418223 0,1578584963479 
0,1184005574678 0,3719663215219 0,0376880679717 0,1628007665183 
0,1215816947919 0,3819601591693 0,0387006554313 0,1671748303389 
0,1277174175133 0,4012361005951 0,0406537166323 0,1756114490807 
0,1315561749643 0,4132959128021 0,0418756310796 0,1808897405758 
0,1377674149945 0,4328090988509 0,0438527301867 0,1894301956175 
0,1393202250021 0,4376873953631 0,0443470049635 0,1915653093779 
0,1458980337503 0,4583521910032 0,0464407865175 0,2006097964067 
0,1502832395825 0,4721287214299 0,0478366408868 0,2066394544259 
0,1578674099571 0,4959550953625 0,0502507572956 0,2170676886910 
0,1596467718916 0,5015451257439 0,0508171457904 0,2195143113509 
0,1671842700025 0,5252248744357 0,0532164059562 0,2298783712535 
0,1722092687432 0,5410113735636 0,0548159127334 0,2367877445219 
0,1803398874990 0,5665544657159 0,0574039690642 0,2479673453111 
0,1857603000028 0,5835831938175 0,0591293399514 0,2554204125039 
0,1915761262699 0,6018541508926 0,0609805749485 0,2634171736211 
0,1967233145832 0,6180245198843 0,0626189758747 0,2704945575518 
0,2066511224918 0,6492136482763 0,0657790952801 0,2841452934262 
0,2128623625221 0,6687268343252 0,0677561943872 0,2926857484679 
0,2229123600034 0,7002998325809 0,0709552079416 0,3065044950046 
0,2254248593737 0,7081930821449 0,0717549613302 0,3099591816388 
0,2360679774998 0,7416294238611 0,0751427710496 0,3245934690622 
0,2431633895839 0,7639203183387 0,0774013108625 0,3343496606778 
0,2554348350265 0,8024722011902 0,0813074332647 0,3512228981614 
0,2583139031148 0,8115170603454 0,0822238691001 0,3551816167828 
0,2705098312484 0,8498316985739 0,0861059535963 0,3719510179666 
0,2786404500042 0,8753747907262 0,0886940099270 0,3831306187558 
0,2917960675006 0,9167043820064 0,0928815730350 0,4012195928134 
0,3005664791649 0,9442574428599 0,0956732817736 0,4132789088518 
0,3099766837377 0,9738204724145 0,0986686429202 0,4262179401393 
0,3183050093751 0,9999846790536 0,1013196313059 0,4376693878907 
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0,3343685400051 1,0504497488714 0,1064328119124 0,4597567425069 
0,3444185374863 1,0820227471272 0,1096318254669 0,4735754890437 
0,3606797749979 1,1331089314318 0,1148079381284 0,4959346906221 
0,3647450843758 1,1458804775080 0,1161019662938 0,5015244910167 
0,3819660112501 1,1999816148643 0,1215835575671 0,5252032654689 
0,3934466291663 1,2360490397686 0,1252379517493 0,5409891151037 
0,4133022449836 1,2984272965527 0,1315581905602 0,5682905868525 
0,4179606750063 1,3130621860893 0,1330410148906 0,5746959281337 
0,4376941012510 1,3750565730096 0,1393223595525 0,6018293892201 
0,4508497187474 1,4163861642898 0,1435099226605 0,6199183632776 
0,4721359549996 1,4832588477223 0,1502855420992 0,6491869381244 
0,4863267791677 1,5278406366773 0,1548026217250 0,6686993213556 
0,5015528100076 1,5756746233071 0,1596492178687 0,6896351137604 
0,5150283239582 1,6180091989379 0,1639386071806 0,7081639454426 
0,5410196624969 1,6996633971477 0,1722119071926 0,7439020359332 
0,5572809000084 1,7507495814524 0,1773880198541 0,7662612375116 
0,5835921350013 1,8334087640128 0,1857631460700 0,8024391856267 
0,5901699437495 1,8540735596529 0,1878569276240 0,8114836726555 
0,6180339887499 1,9416110387255 0,1967263286167 0,8497967345311 
0,6366100187502 1,9999693581072 0,2026392626118 0,8753387757815 
0,6687370800101 2,1008994977428 0,2128656238249 0,9195134850139 
0,6762745781211 2,1245792464347 0,2152648839907 0,9298775449165 
0,7082039324994 2,2248882715834 0,2254283131488 0,9737804071866 
0,7294901687516 2,2917609550160 0,2322039325875 1,0030489820334 
0,7639320225002 2,3999632297287 0,2431671151342 1,0504065309378 
0,7868932583326 2,4720980795372 0,2504759034987 1,0819782302074 
0,8115294937453 2,5494950957216 0,2583178607888 1,1158530538998 
0,8333333333333 2,6179938779915 0,2652582384865 1,1458333333333 
0,8753882025019 2,7501131460191 0,2786447191050 1,2036587784401 
0,9016994374948 2,8327723285796 0,2870198453209 1,2398367265553 
0,9442719099992 2,9665176954446 0,3005710841984 1,2983738762489 
0,9549150281253 2,9999540371608 0,3039588939177 1,3130081636722 
1,0000000000000 3,1415926535898 0,3183098861838 1,3750000000000 
1,0300566479165 3,2360183978758 0,3278772143612 1,4163278908852 
1,0820393249937 3,3993267942955 0,3444238143851 1,4878040718663 
1,0942352531274 3,4376414325239 0,3483058988813 1,5045734730501 
1,1458980337503 3,5999448445930 0,3647506727013 1,5756097964067 
1,1803398874990 3,7081471193057 0,3757138552480 1,6229673453111 
1,2360679774998 3,8832220774509 0,3934526572334 1,6995934690622 
1,2732200375004 3,9999387162144 0,4052785252237 1,7506775515630 
1,3130823037529 4,1251697190287 0,4179670786575 1,8054881676602 
1,3483616572916 4,2360030769294 0,4291968456671 1,8539972787759 
1,4164078649987 4,4497765431669 0,4508566262976 1,9475608143733 
1,4589803375032 4,5835219100319 0,4644078651750 2,0060979640669 
1,5278640450004 4,7999264594573 0,4863342302684 2,1008130618756 
1,5450849718747 4,8540275968137 0,4918158215417 2,1244918363278 
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1,6180339887499 5,0832036923152 0,5150362148005 2,2247967345311 
1,6666666666667 5,2359877559830 0,5305164769730 2,2916666666667 
1,7507764050038 5,5002262920383 0,5572894382100 2,4073175568802 
1,7705098312484 5,5622206789585 0,5635707828720 2,4344510179666 
1,8541019662497 5,8248331161764 0,5901789858501 2,5493902035933 
1,9098300562505 5,9999080743217 0,6079177878355 2,6260163273445 
2,0000000000000 6,2831853071796 0,6366197723676 2,7500000000000 
2,0601132958330 6,4720367957516 0,6557544287223 2,8326557817704 
2,1246117974981 6,6746648147503 0,6762849394464 2,9213412215599 
2,1816949906249 6,8539969549208 0,6944550841536 2,9998306121092 
2,2917960675006 7,1998896891860 0,7295013454026 3,1512195928134 
2,3606797749979 7,4162942386115 0,7514277104960 3,2459346906221 
2,4721359549996 7,7664441549019 0,7869053144668 3,3991869381244 
2,5000000000000 7,8539816339745 0,7957747154595 3,4375000000000 
2,6180339887499 8,2247963459050 0,8333461009843 3,5997967345311 
2,6967233145832 8,4720061538587 0,8583936913341 3,7079945575518 
2,8328157299975 8,8995530863337 0,9017132525952 3,8951216287466 
2,8647450843758 8,9998621114824 0,9118766817532 3,9390244910167 
3,0000000000000 9,4247779607693 0,9549296585514 4,1250000000000 
3,0901699437495 9,7080551936273 0,9836316430835 4,2489836726555 
3,2360679774998 10,1664073846305 1,0300724296010 4,4495934690622 
3,3333333333333 10,4719755119659 1,0610329539460 4,5833333333333 
3,4376941012510 10,7998345337790 1,0942520181039 4,7268293892201 
3,5300566479165 11,0900000318502 1,1236519298206 4,8538278908851 
3,7082039324994 11,6496662323528 1,1803579717002 5,0987804071866 
3,8196601125011 11,9998161486433 1,2158355756710 5,2520326546890 
4,0000000000000 12,5663706143591 1,2732395447352 5,5000000000000 
4,0450849718747 12,7080092307881 1,2875905370012 5,5619918363277 
4,2360679774998 13,3080000382202 1,3483823157848 5,8245934690622 
4,3633899812498 13,7079939098417 1,3889101683071 5,9996612242185 
4,5835921350013 14,3997793783719 1,4590026908052 6,3024391856267 
4,6352549156242 14,5620827904409 1,4754474646252 6,3734755089832 
4,8541019662497 15,2496110769457 1,5451086444014 6,6743902035933 
5,0000000000000 15,7079632679489 1,5915494309190 6,8750000000000 
5,2360679774998 16,4495926918100 1,6666922019685 7,1995934690622 
5,3934466291663 16,9440123077174 1,7167873826683 7,4159891151036 
5,5623058987491 17,4744993485292 1,7705369575502 7,6481706107799 
5,7117516385413 17,9439969867709 1,8181070139742 7,8536585029943 
6,0000000000000 18,8495559215387 1,9098593171027 8,2500000000000 
6,1803398874990 19,4161103872547 1,9672632861669 8,4979673453111 
6,4721359549995 20,3328147692609 2,0601448592019 8,8991869381244 
6,5450849718747 20,5619908647625 2,0833652524607 8,9994918363277 
6,8541019662496 21,5327963841251 2,1817284167690 9,4243902035932 
7,0601132958329 22,1800000637003 2,2473038596412 9,7076557817703 
7,4164078649987 23,2993324647056 2,3607159434003 10,1975608143733 
7,4999999999999 23,5619449019232 2,3873241463784 10,3124999999999 
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7,8541019662496 24,6743890377149 2,5000383029528 10,7993902035932 
8,0901699437494 25,4160184615762 2,5751810740024 11,1239836726555 
8,4721359549995 26,6160000764404 2,6967646315695 11,6491869381243 
8,7267799624996 27,4159878196832 2,7778203366142 11,9993224484369 
9,0000000000000 28,2743338823080 2,8647889756541 12,3749999999999 
9,2418082864578 29,0339970186210 2,9417589437948 12,7074863938794 
9,7082039324993 30,4992221538913 3,0902172888029 13,3487804071865 
10,0000000000000 31,4159265358978 3,1830988618379 13,7500000000000 
10,4721359549995 32,8991853836199 3,3333844039371 14,3991869381243 
10,5901699437494 33,2700000955505 3,3709557894619 14,5614836726554 
11,0901699437493 34,8407964223452 3,5301107325537 15,2489836726553 
11,4235032770827 35,8879939735419 3,6362140279484 15,7073170059887 
11,9999999999999 37,6991118430773 3,8197186342055 16,4999999999999 
12,1352549156240 38,1240276923639 3,8627716110036 16,6859755089831 
12,7082039324992 39,9240001146604 4,0451469473542 17,4737804071864 
13,0901699437494 41,1239817295249 4,1667305049213 17,9989836726554 
13,7082039324992 43,0655927682502 4,3634568335380 18,8487804071864 
14,1202265916658 44,3600001274005 4,4946077192825 19,4153115635405 
14,5623058987489 45,7488332308370 4,6353259332043 20,0231706107798 
14,9535599249990 46,9779940053917 4,7598659577689 20,5611448968737 
15,7082039324992 49,3487780754298 5,0000766059056 21,5987804071864 
16,1803398874989 50,8320369231523 5,1503621480048 22,2479673453109 
16,9442719099990 53,2320001528806 5,3935292631390 23,2983738762486 
17,1352549156240 53,8319909603127 5,4543210419225 23,5609755089830 
17,9442719099988 56,3735928064701 5,7118391493227 24,6733738762484 
18,4836165729155 58,0679940372419 5,8835178875896 25,4149727877588 
19,4164078649986 60,9984443077827 6,1804345776058 26,6975608143731 
19,6352549156239 61,6859725942869 6,2500957573820 26,9984755089828 
20,5623058987487 64,5983891523750 6,5451852503070 28,2731706107795 
21,1803398874987 66,5400001911008 6,7419115789237 29,1229673453107 
22,1803398874986 69,6815928446902 7,0602214651075 30,4979673453106 
22,8470065541653 71,7759879470834 7,2724280558967 31,4146340119772 
23,5623058987488 74,0231671131447 7,5001149088584 32,3981706107796 
24,1953682114567 76,0119910240124 7,7016249015637 33,2686312907529 
25,4164078649984 79,8480002293208 8,0902938947084 34,9475608143728 
26,1803398874987 82,2479634590498 8,3334610098427 35,9979673453107 
27,4164078649983 86,1311855365002 8,7269136670760 37,6975608143727 
27,7254248593732 87,1019910558628 8,8252768313843 38,1224591816382 
29,0344418537480 91,2143892288148 9,2419498818764 39,9223575489035 
29,9071198499981 93,9559880107834 9,5197319155379 41,1222897937473 
31,4164078649984 98,6975561508596 10,0001532118112 43,1975608143728 
31,7705098312478 99,8100002866504 10,1128673683855 43,6844510179657 
33,2705098312478 104,5223892670350 10,5903321976612 45,7469510179657 
34,2705098312479 107,6639819206250 10,9086420838450 47,1219510179659 
35,8885438199976 112,7471856129400 11,4236782986454 49,3467477524968 
36,9672331458309 116,1359880744830 11,7670357751791 50,8299455755175 
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38,1246117974976 119,7720003439810 12,1354408420627 52,4213412215592 
39,1489281364556 122,9899850294040 12,4614908593326 53,8297761876264 
41,1246117974974 129,1967783047500 13,0903705006140 56,5463412215590 
42,3606797749974 133,0800003822020 13,4838231578474 58,2459346906214 
44,3606797749971 139,3631856893800 14,1204429302149 60,9959346906210 
44,8606797749971 140,9339820161750 14,2795978733068 61,6834346906210 
46,9787137637467 147,5879820352840 14,9537890311991 64,5957314251517 
48,3907364229134 152,0239820480250 15,4032498031274 66,5372625815059 
50,8328157299968 159,6960004586420 16,1805877894169 69,8951216287456 
51,4057647468715 161,4959728809370 16,3629631257674 70,6829265269483 
53,8328157299963 169,1207784194090 17,1355174479681 74,0201216287449 
55,4508497187464 174,2039821117250 17,6505536627687 76,2449183632763 
58,0688837074960 182,4287784576290 18,4838997637528 79,8447150978070 
59,8142396999959 187,9119760215660 19,0394638310757 82,2445795874944 
61,6869176962462 193,7951674571250 19,6355557509210 84,8195118323385 
63,3442963479120 199,0019760534150 20,1631157608962 87,0984074783790 
66,5410196624956 209,0447785340700 21,1806643953223 91,4939020359314 
68,5410196624959 215,3279638412510 21,8172841676900 94,2439020359318 
71,7770876399951 225,4943712258790 22,8473565972908 98,6934955049933 
72,5861046343700 228,0359730720370 23,1048747046910 99,8058938722587 
76,0131556174944 238,8023712640980 24,1957389130754 104,5180889740550 
78,2978562729111 245,9799700588070 24,9229817186651 107,6595523752530 
82,2492235949949 258,3935566095000 26,1807410012280 113,0926824431180 
83,1762745781189 261,3059731675860 26,4758304941528 114,3673775449140 
87,1033255612437 273,6431676864430 27,7258496456292 119,7670726467100 
89,7213595499940 281,8679640323490 28,5591957466135 123,3668693812420 
93,9574275274933 295,1759640705680 29,9075780623981 129,1914628503030 
96,7814728458264 304,0479640960480 30,8064996062546 133,0745251630110 
99,8115294937434 313,5671678011050 31,7709965929835 137,2408530538970 
102,4932244843670 321,9919610828170 32,6246066202286 140,9281836660050 
107,6656314599930 338,2415568388190 34,2710348959362 148,0402432574900 
110,9016994374930 348,4079642234510 35,3011073255373 152,4898367265530 
116,1377674149920 364,8575569152580 36,9677995275056 159,6894301956140 
117,4467844093670 368,9699550882100 37,3844725779977 161,4893285628790 
122,9918693812410 386,3903532993810 39,1495279442743 169,1138203992060 
126,6885926958240 398,0039521068300 40,3262315217924 174,1968149567580 
133,0820393249910 418,0895570681400 42,3613287906447 182,9878040718630 
134,5820393249900 422,8019460485210 42,8387936199200 185,0503040718610 
140,9361412912390 442,7639461058510 44,8613670935971 193,7871942754540 
145,1722092687400 456,0719461440730 46,2097494093820 199,6117877445170 
152,0263112349890 477,6047425281960 48,3914778261508 209,0361779481090 
156,5957125458220 491,9599401176120 49,8459634373301 215,3191047505050 
161,4984471899890 507,3623352582280 51,4065523439043 222,0603648862350 
165,8375208322780 520,9939371362300 52,7877223811246 228,0265911443830 
174,2066511224870 547,2863353728870 55,4516992912583 239,5341452934200 
179,4427190999880 563,7359280646990 57,1183914932271 246,7337387624830 
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187,9148550549860 590,3519281411350 59,8151561247962 258,3829257006060 
190,0328890437360 597,0059281602450 60,4893472826885 261,2952224351370 
199,0050249987340 625,1927245634760 63,3452668573495 273,6319093732590 
204,9864489687340 643,9839221656350 65,2492132404572 281,8563673320100 
215,3312629199850 676,4831136776380 68,5420697918724 296,0804865149800 
217,7583139031080 684,1079192161040 69,3146241140724 299,4176816167730 
228,0394668524820 716,4071137922910 72,5872167392259 313,5542669221630 
234,8935688187330 737,9399101764200 74,7689451559952 322,9786571257580 
245,9837387624810 772,7807065987610 78,2990558885486 338,2276407984110 
253,3771853916470 796,0079042136570 80,6524630435844 348,3936299135150 
261,3099766837310 820,9295030593300 83,1775489368874 359,3012179401300 
268,3307453166450 842,9858982190440 85,4123290013528 368,9547748103860 
281,8722825824790 885,5278922117020 89,7227341871941 387,5743885509080 
290,3444185374800 912,1438922881460 92,4194988187640 399,2235754890340 
304,0526224699770 955,2094850563890 96,7829556523013 418,0723558962180 
307,4796734531010 965,9758832484510 97,8738198606857 422,7845509980140 
321,9968943799730 1011,5830778628500 102,4947948016230 442,7457297724640 
331,6750416645570 1041,9878742724600 105,5754447622490 456,0531822887660 
348,4133022449750 1094,5726707457700 110,9033985825170 479,0682905868400 
352,3403532280960 1106,9098652646200 112,1534177339920 484,4679856886330 
368,9756081437200 1159,1710598981400 117,4485838328230 507,3414611976150 
380,0657780874710 1194,0118563204900 120,9786945653770 522,5904448702730 
398,0100499974680 1250,3854491269500 126,6905337146990 547,2638187465180 
409,9728979374670 1287,9678443312600 130,4984264809140 563,7127346640170 
422,8084238737180 1328,2918383175500 134,5841012807910 581,3615828263630 
434,1682661489210 1363,9798353552700 138,2000513824770 596,9813659547670 
456,0789337049640 1432,8142275845800 145,1744334784520 627,1085338443260 
469,7871376374660 1475,8798203528400 149,5378903119900 645,9573142515150 
491,9674775249610 1545,5614131975200 156,5981117770970 676,4552815968210 
497,5125624968350 1562,9818114086900 158,3631671433740 684,0797734331480 
521,0019193787060 1636,7758024263200 165,8400616589720 716,3776391457200 
536,6614906332890 1685,9717964380900 170,8246580027060 737,9095496207730 
563,7445651649580 1771,0557844234000 179,4454683743880 775,1487771018170 
570,0986671312020 1791,0177844807200 181,4680418480640 783,8856673054030 
597,0150749962000 1875,5781736904200 190,0358005720480 820,8957281197750 
614,9593469062010 1931,9517664969000 195,7476397213710 845,5691019960270 
643,9937887599460 2023,1661557257000 204,9895896032470 885,4914595449260 
663,3500833291110 2083,9757485449100 211,1508895244970 912,1063645775280 
684,1184005574470 2149,2213413768700 217,7616502176780 940,6628007664890 
702,4990114655630 2206,9657335743000 223,6123803838290 965,9361407651490 
737,9512162874400 2318,3421197962700 234,8971676656450 1014,6829223952300 
760,1315561749420 2388,0237126409800 241,9573891307530 1045,1808897405500 
796,0200999949340 2500,7708982539000 253,3810674293970 1094,5276374930300 
804,9922359499330 2528,9576946571300 256,2369870040580 1106,8643244311600 
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*1/1,375 *2,71828 /2,71828 
0,0095677218156 0,035760652 0,004839684 
0,0098552954616 0,036835497 0,004985149 
0,0103526512551 0,038694432 0,005236729 
0,0104693385027 0,039130566 0,005295753 
0,0109636336159 0,040978061 0,005545785 
0,0112931636914 0,042209724 0,005712473 
0,0118263545539 0,044202597 0,005982179 
0,0121818151288 0,045531179 0,006161983 
0,0125632062033 0,046956679 0,006354904 
0,0129007492438 0,048218292 0,006525645 
0,0135517964297 0,050651669 0,006854967 
0,0139591180036 0,052174088 0,007061004 
0,0146181781546 0,054637414 0,00739438 
0,0147829431923 0,055253246 0,007477724 
0,0154808990925 0,05786195 0,007830774 
0,0159462030260 0,059601087 0,008066141 
0,0167509416044 0,062608906 0,008473205 
0,0169397455371 0,063314586 0,008568709 
0,0177395318308 0,066303895 0,008973268 
0,0182727226932 0,068296768 0,009242975 
0,0191354436312 0,071521304 0,009679369 
0,0197105909231 0,073670995 0,009970298 
0,0203276946446 0,075977503 0,010282451 
0,0208738507567 0,078018835 0,010558715 
0,0219272672319 0,081956121 0,01109157 
0,0225863273829 0,084419448 0,011424945 
0,0236527091077 0,088405193 0,011964358 
0,0239193045390 0,08940163 0,012099211 
0,0250486209081 0,093622602 0,012670458 
0,0258014984875 0,096436584 0,01305129 
0,0271035928594 0,101303337 0,013709934 
0,0274090840399 0,102445152 0,013864462 
0,0287031654467 0,107281956 0,014519053 
0,0295658863847 0,110506492 0,014955447 
0,0309617981850 0,115723901 0,015661548 
0,0318924060519 0,119202173 0,016132282 
0,0328909008478 0,122934182 0,016637355 
0,0337746000005 0,126237127 0,01708436 
0,0354790636616 0,13260779 0,017946537 
0,0365454453865 0,136593536 0,01848595 
0,0382708872623 0,143042608 0,019358738 
0,0387022477313 0,144654876 0,019576935 
0,0405295200006 0,151484552 0,020501232 
0,0417477015135 0,15603767 0,021117431 
0,0438545344638 0,163912243 0,02218314 
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0,0443488295770 0,165759738 0,022433171 
0,0464426972775 0,173585851 0,023492322 
0,0478386090779 0,17880326 0,024198422 
0,0500972418162 0,187245204 0,025340917 
0,0516029969751 0,192873168 0,02610258 
0,0532185954924 0,198911685 0,026919805 
0,0546484507573 0,204255962 0,027643076 
0,0574063308935 0,214563912 0,029038107 
0,0591317727693 0,221012984 0,029910895 
0,0619235963701 0,231447801 0,031323096 
0,0626215522702 0,234056506 0,031676146 
0,0655781409087 0,245107155 0,033171691 
0,0675492000010 0,252474254 0,034168721 
0,0709581273232 0,26521558 0,035893074 
0,0717579136169 0,268204889 0,036297634 
0,0751458627243 0,280867807 0,038011375 
0,0774044954626 0,289309751 0,03915387 
0,0810590400012 0,302969105 0,041002465 
0,0834954030270 0,312075341 0,042234861 
0,0861094963402 0,321845867 0,04355716 
0,0884230507578 0,330493089 0,044727436 
0,0928853945551 0,347171702 0,046984644 
0,0956772181558 0,357606519 0,048396845 
0,1001944836324 0,374490409 0,050681834 
0,1013238000015 0,378711381 0,051253081 
0,1061076609093 0,396591707 0,053672923 
0,1092969015145 0,408511924 0,055286151 
0,1148126617870 0,429127823 0,058076214 
0,1161067431939 0,433964627 0,058730805 
0,1215885600018 0,454453657 0,061503697 
0,1252431045405 0,468113011 0,063352292 
0,1311562818174 0,490214309 0,066343382 
0,1350984000020 0,504948508 0,068337441 
0,1393280918326 0,520757553 0,070476966 
0,1430715015150 0,534749052 0,072370512 
0,1502917254486 0,561735613 0,076022751 
0,1548089909252 0,578619503 0,07830774 
0,1621180800025 0,60593821 0,08200493 
0,1639453522718 0,612767887 0,082929227 
0,1716858018180 0,641698862 0,086844614 
0,1768461015155 0,660986179 0,089454872 
0,1857707891102 0,694343403 0,093969288 
0,1878646568107 0,702169517 0,095028438 
0,1967344227261 0,735321464 0,099515072 
0,2026476000031 0,757422762 0,102506162 
0,2122153218186 0,793183414 0,107345846 
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0,2185938030290 0,817023849 0,110572303 
0,2254375881729 0,84260342 0,114034126 
0,2314945522728 0,865242141 0,117097948 
0,2431771200037 0,908907315 0,123007394 
0,2504862090810 0,936226022 0,126704584 
0,2623125636348 0,980428619 0,132686763 
0,2652691522733 0,991479268 0,134182308 
0,2777934627274 1,038290569 0,140517537 
0,2861430030301 1,069498103 0,144741023 
0,3005834508972 1,123471226 0,152045501 
0,3039714000046 1,136134144 0,153759243 
0,3183229827280 1,189775122 0,16101877 
0,3278907045435 1,225535773 0,165858454 
0,3433716036361 1,283397724 0,173689228 
0,3536922030311 1,321972357 0,178909744 
0,3647656800055 1,363360972 0,184511092 
0,3745660537878 1,399991192 0,189468459 
0,3934688454523 1,470642928 0,199030145 
0,4052952000061 1,514845525 0,205012324 
0,4244306436373 1,586366829 0,214691693 
0,4292145045451 1,604247155 0,217111535 
0,4494792645454 1,679989431 0,227362151 
0,4629891045456 1,730484282 0,234195895 
0,4863542400073 1,81781463 0,246014789 
0,4918360568153 1,83830366 0,248787681 
0,5150574054541 1,925096586 0,260533842 
0,5305383045466 1,982958536 0,268364616 
0,5555869254547 2,076581138 0,281035075 
0,5722860060601 2,138996206 0,289482047 
0,5902032681784 2,205964392 0,298545217 
0,6060606060606 2,265233333 0,306566407 
0,6366459654559 2,379550243 0,322037539 
0,6557814090871 2,451071547 0,331716908 
0,6867432072721 2,566795448 0,347378456 
0,6944836568184 2,595726423 0,351293843 
0,7272727272727 2,71828 0,367879689 
0,7491321075756 2,799982385 0,378936919 
0,7869376909045 2,941285856 0,39806029 
0,7958074568199 2,974437804 0,402546924 
0,8333803881820 3,114871707 0,421552612 
0,8584290090902 3,208494309 0,43422307 
0,8989585290908 3,359978862 0,454724303 
0,9259782090912 3,460968564 0,468391791 
0,9549689481839 3,569325365 0,483056309 
0,9806266598484 3,665224526 0,496034867 
1,0301148109082 3,850193171 0,521067684 
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1,0610766090932 3,965917072 0,536729232 
1,1111738509094 4,153162276 0,562070149 
1,1236981613635 4,199973577 0,568405378 
1,1767519918181 4,398269431 0,59524184 
1,2121212121212 4,530466667 0,613132814 
1,2732919309119 4,759100486 0,644075079 
1,2876435136352 4,812741464 0,651334605 
1,3484377936361 5,039968293 0,682086454 
1,3889673136368 5,191452845 0,702587686 
1,4545454545455 5,43656 0,735759377 
1,4982642151513 5,59996477 0,757873838 
1,5451722163623 5,775289757 0,781601527 
1,5866872659090 5,930457859 0,802601274 
1,6667607763641 6,229743414 0,843105224 
1,7168580181803 6,416988619 0,868446141 
1,7979170581815 6,719957724 0,909448605 
1,8181818181818 6,7957 0,919699222 
1,9040247190908 7,116549431 0,963121529 
1,9612533196968 7,330449052 0,992069733 
2,0602296218164 7,700386343 1,042135369 
2,0834509704551 7,787179268 1,05388153 
2,1818181818182 8,15484 1,103639066 
2,2473963227269 8,399947155 1,136810757 
2,3535039836362 8,796538862 1,19048368 
2,4242424242424 9,060933333 1,226265629 
2,5001411645462 9,344615122 1,264657836 
2,5673139257574 9,595682385 1,29863614 
2,6968755872723 10,07993659 1,364172908 
2,7779346272735 10,38290569 1,405175373 
2,9090909090909 10,87312 1,471518755 
2,9418799795453 10,99567358 1,4881046 
3,0807767109089 11,51481886 1,558363369 
3,1733745318180 11,86091572 1,605202548 
3,3335215527282 12,45948683 1,686210447 
3,3710944840903 12,59992073 1,705216135 
3,5302559754543 13,19480829 1,78572552 
3,6363636363636 13,5914 1,839398443 
3,8080494381816 14,23309886 1,926243057 
3,9225066393937 14,6608981 1,984139467 
4,0453133809084 15,11990488 2,046259362 
4,1540011916664 15,52614024 2,101237414 
4,3636363636363 16,30968 2,207278132 
4,4947926454538 16,79989431 2,273621513 
4,7070079672724 17,59307772 2,38096736 
4,7600617977271 17,79137358 2,407803821 
4,9848014299997 18,63136829 2,521484897 



 87 

5,1346278515149 19,19136477 2,597272281 
5,3937511745445 20,15987317 2,728345816 
5,4545454545454 20,3871 2,759097665 
5,7120741572724 21,34964829 2,889364586 
5,8837599590905 21,99134715 2,9762092 
6,1615534218178 23,02963772 3,116726737 
6,3467490636361 23,72183144 3,210405095 
6,5454545454545 24,46452 3,310917198 
6,7213151174238 25,12182263 3,399873555 
7,0605119509086 26,38961659 3,57145104 
7,2727272727273 27,1828 3,678796886 
7,6160988763633 28,46619772 3,852486114 
7,7019417772723 28,78704715 3,895908421 
8,0655781409086 30,14618715 4,079848266 
8,3080023833329 31,05228049 4,202474829 
8,7272727272727 32,61936 4,414556264 
8,8256399386357 32,98702073 4,4643138 
9,2423301327267 34,54445659 4,675090106 
9,5201235954541 35,58274715 4,815607643 
9,9696028599994 37,26273659 5,042969794 
10,2692557030297 38,38272954 5,194544562 
10,5907679263629 39,58442488 5,35717656 
10,8753163090902 40,64796287 5,501110969 
11,4241483145449 42,69929659 5,778729172 
11,7675199181810 43,98269431 5,9524184 
12,3231068436356 46,05927545 6,233453474 
12,4620035749993 46,57842073 6,303712243 
13,0503795709082 48,77755545 6,601333163 
13,4426302348477 50,24364526 6,79974711 
14,1210239018172 52,77923317 7,14290208 
14,2801853931810 53,37412073 7,223411464 
14,9544042899991 55,89410488 7,564454691 
15,4038835545445 57,57409431 7,791816843 
16,1311562818172 60,29237431 8,159696531 
16,6160047666656 62,10456098 8,404949657 
17,1362224718173 64,04894488 8,668093757 
17,5966314265140 65,7697855 8,900984524 
18,4846602654534 69,08891317 9,350180211 
19,0402471909082 71,16549431 9,631215286 
19,9392057199988 74,52547317 10,08593959 
20,1639453522715 75,36546789 10,19962066 
21,1159577118168 78,9237426 10,68118143 
21,7506326181804 81,29592575 11,00222194 
22,8482966290898 85,39859317 11,55745834 
23,1058253318166 86,36114146 11,68772526 
24,1967344227257 90,43856146 12,2395448 



 88 

24,9240071499985 93,15684146 12,60742449 
26,1007591418165 97,5551109 13,20266633 
26,8852604696952 100,4872905 13,59949422 
27,7269903981801 103,6333698 14,02527032 
28,4719477356040 106,4177484 14,40209549 
29,9088085799981 111,7882098 15,12890938 
30,8077671090890 115,1481886 15,58363369 
32,2623125636343 120,5847486 16,31939306 
32,6259489272706 121,9438886 16,50333291 
34,1663372827249 127,701298 17,28251459 
35,1932628530279 131,539571 17,80196905 
36,9693205309068 138,1778263 18,70036042 
37,3860107249974 139,7352622 18,91113673 
39,1511387127246 146,3326663 19,80399949 
40,3278907045428 150,7309358 20,39924133 
42,2319154236334 157,8474852 21,36236286 
43,5012652363607 162,5918515 22,00444388 
44,8632128699972 167,6823146 22,69336407 
46,0685791621178 172,1875339 23,30308002 
48,3934688454513 180,8771229 24,47908959 
49,8480142999970 186,3136829 25,21484897 
52,2015182836328 195,1102218 26,40533265 
52,7898942795418 197,3093565 26,70295357 
55,2822949945414 206,6250407 27,96369602 
56,9438954712081 212,8354967 28,80419099 
59,8176171599963 223,5764195 30,25781877 
60,4918360568138 226,0964037 30,59886199 
63,3478731354500 236,7712278 32,04354429 
65,2518978545411 243,8877772 33,00666581 
68,3326745654496 255,4025961 34,56502918 
70,3865257060556 263,079142 35,6039381 
72,5902032681770 271,3156844 36,71863439 
74,5405268977216 278,6052823 37,70517551 
78,3022774254491 292,6653327 39,60799898 
80,6557814090857 301,4618715 40,79848266 
84,4638308472667 315,6949704 42,72472571 
85,4158432068121 319,2532451 43,20628648 
89,4486322772659 334,3263387 45,24621061 
92,1371583242356 344,3750678 46,60616003 
96,7869376909026 361,7542459 48,95817919 
97,8778467818108 365,8316659 49,50999872 
102,4990118481740 383,1038941 51,84754377 
105,5797885590830 394,618713 53,40590714 
110,5645899890830 413,2500813 55,92739204 
113,8877909424160 425,6709935 57,60838197 
117,4534161381740 438,997999 59,41199847 
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120,6091060598390 450,7928161 61,00825553 
126,6957462709000 473,5424556 64,08708857 
130,5037957090820 487,7755545 66,01333163 
136,6653491308990 510,8051922 69,13005837 
138,2057374863530 516,5626016 69,90924005 
144,7309272718070 540,9513794 73,20990663 
149,0810537954430 557,2105645 75,41035102 
156,6045548508980 585,3306654 79,21599795 
158,3696828386240 591,9280695 80,10886071 
165,8468849836230 619,875122 83,89108806 
170,8316864136240 638,5064902 86,41257296 
178,8972645545310 668,6526774 90,49242122 
184,2743166484710 688,7501355 93,21232007 
190,0436194063500 710,3136834 96,13063286 
195,1496329575600 729,3980984 98,71343104 
204,9980236963480 766,2077883 103,6950875 
211,1595771181670 789,237426 106,8118143 
221,1291799781650 826,5001626 111,8547841 
223,6215806931640 835,8158468 113,1155265 
234,1795595490720 875,2777181 118,4561172 
241,2182121196780 901,5856323 122,0165111 
253,3914925418000 947,0849112 128,1741771 
256,2475296204340 957,7597354 129,6188594 
268,3458968317960 1002,979016 135,7386318 
276,4114749727060 1033,125203 139,8184801 
289,4618545436130 1081,902759 146,4198133 
298,1621075908850 1114,421129 150,820702 
307,4970355445220 1149,311682 155,5426313 
315,7587390173970 1180,190915 159,7216866 
331,6937699672470 1239,750244 167,7821761 
341,6633728272480 1277,01298 172,8251459 
357,7945291090620 1337,305355 180,9848424 
361,8273181795160 1352,378448 183,0247666 
378,9104868208770 1416,229097 191,6660239 
390,2992659151190 1458,796197 197,4268621 
409,9960473926970 1532,415577 207,3901751 
414,6172124590560 1549,687805 209,7277202 
434,1927818154180 1622,854138 219,6297199 
447,2431613863280 1671,631694 226,2310531 
468,3591190981430 1750,555436 236,9122345 
482,4364242393540 1803,171265 244,0330221 
497,5406549508700 1859,625366 251,6732642 
510,9083719749550 1909,589013 258,4351176 
536,6917936635930 2005,958032 271,4772637 
552,8229499454120 2066,250407 279,6369602 
578,9237090872250 2163,805517 292,8396265 
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585,4488988726780 2188,194295 296,1402931 
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