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Abstract

The present paper is a review, a thesis of someirgrortant contributes of E. Witten, C. Beasley,
R. Ricci, B. Basso et al. regarding various applices concerning the Jones polynomials, the
Wilson loops and the cusp anomaly and integralfitdyn string theory. In this work, in tigection

1, we have described some equations concerningnibtepiolynomials, the Chern-Simons from four
dimensions, the D3-NS5 system with a theta-anghe, Wick rotation, the comparison to
topological field theory, the Wilson loops, the dtization and the boundary formula. We have
described also some equations concerning electagnetic duality to N = 4 super Yang-Mills
theory, the gravitational coupling and the framiagomaly for knots. Furthermore, we have
described some equations concerning the gaugeytdescription, relation to Morse theory and the
action.

In the Section 2 we have described some equations concerningghkcations of non-abelian
localization to analyze the Chern-Simons path irateigcluding Wilson loop insertions.

In the Section 3 we have described some equations concerninguge anomaly and integrability
from String theory and some equations concerniegctisp anomalous dimension in the transition
regime from strong to weak coupling. In tBection 4 we have described also some equations
concerning the “fractal” behaviour of the partitifmmction.

Also here, we have described some mathematicalections between various equation described
in the paper and (i) the Ramanujan’s modular eqoatregarding the physical vibrations of the
bosonic strings and the superstrings, thence tlagaeship with the Palumbo-Nardelli model, (ii)
the mathematical connections with the Ramanujagsions concerning and, in conclusion, (iii)

NG

the mathematical connections with the aurea raﬁ@%ﬂ [11,618033988) and with 1,375 that

is the mean real value for the number of partitiprg.

1. On some equations concerning fivebranes and knotsan approach to Khovanov
homology of knots via gauge theory. [1]



The Chern-Simons action for a gauge theory witlggagroupG (hereG is always a compact Lie
group, and all representations considered areefafitnensional and unitary) and gauge fiéddon
a three-manifoldV can be written

|:Lj Tr(ADdA+gADADAj. (1.1)
4w 3

Here k is an integer for topological reasons; up to ai@hof orientation, one may take to be
positive. In this theory, to an oriented embedaexgpIK [0W and a representatioR of G, one can
associate an observable, the trace of the holorari#ilson loop operator:

W(K,R)=TrPexd-fA|. (1.2)

Reversing the orientation df has the same effect as replaciRgby its complex conjugate. The
Jones polynomial and its generalizations can bepob@d as expectation values of Wilson loop
operators, if we express the argumgnof the knot polynomials in terms of the Chern-Simdevel

k by
q=exp27i/(k+h)), (1.3)

where h is the dual Coxeter number & . For example, if we tak& = SU(Z), R to be the two-
dimensional irreducible representation 8U(2), and W =S°, then the expectation value of
W(K,R) is equal to the Jones polynomial:

HaK)=(w(K,R). (1.4
Now we adopt a ten-dimensional notation in whidh=4 super Yang-Mills theory comes by
dimensional reduction from ten dimensions and tingessymmetries of the D3-brane transform
under Sdlg) as a spinot6 of definite chirality; thus a generatar of supersymmetry obeys

|_012__9£ =&, (15)

where I, 1=0,.9, are the SQ(19) gamma matrices. The supersymmetries transforréas
V.U V,, whereV, is a two-dimensional real vector space. The nhoparators that act oW, are
the even elements of theSQ19) Clifford algebra that commute with U, where
U =Sq12)x SO3), x SA3), . They are generated by

B0 = r456789; Bl = I_3456; BZ = I_3789’ (16)

and in view of the algebraic relations they obeg,can choose a basis fdy in which

s [0 1), g (01 S_(10 L
0'(—1 oj' Bl_[l oj' 2_(0 —1]' (.7

We take also



50=(_1aj, £=01 a). (1.8)

The fermion fieldsd of &/ =4 super Yang-Mills are adjoint-valued fields thatnisform as th&6
of Sde), like the supersymmetry generators. The boundanditions they obey turn out to be

ADV,08, (1.9)

whereJ0V, is
a
J=| |. (110
3 ao

The boundary conditions oK at x* =0 are

a
D,X, i £l X X.]=0, (1.12)

and the boundary conditions on the gauge fields at0 are

F, +—2 ¢ F=0. (1.12)
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At a=0 and a=o, egs. (1.11) and (1.12) reduce to the more obvidaamann boundary
conditions D,X, =F,, =0. The additional terms in the boundary conditiomsdenerica reflect

boundary corrections to the familia¥ = 4uper Yang-Mills action in bulk. Let us first coder
X . The usual bulk action foX is in Lorentz signature

I =$L%Od4xiiTrDﬂchﬂxc. (1.13)

H#=0c=1

If we place no restriction on the value aX_ at x* = 0, we will learn that to make the boundary
term in the variation of ;, vanish, the boundary condition must bgX. = . Suppose, however,
that there is an additional boundary coupling

. dxe™°TrX | X, X, | (1.14
X 393,\4 1+a2 x3=0 X C[ d e] ( )
If we now vary IA)z =1, + I-; with respect toX , placing again no restriction ocDXc|, we find that
setting the boundary variation d?& to zero gives the boundary condition (1.11). Soltbundary

coupling (1.14) underlies the boundary conditiorl{). The boundary couplinﬁ)z is unfamiliar,

but it has a more familiar analog for gauge fieldse analog of (1.13) for the gauge fiedd whose
field strength we denote &5, , is



j deTrF F“ . (1.15)

|
AT
295y V=0

Thence, we obtain also that:

(1.15b)

x3=0 x3>0

#=0c=1 H,v=0

If we work just with this action, then setting ib®undary variation to zero, we learn that the
boundary condition on the gauge field mustFFgﬁ =0.

To arrive at (1.12), we need an additional terrthmaction. This extra term is the usual topoldgica
term of four-dimensional gauge theory

~

j d*xe" " TrF, F.., (1.16)

A =" 32n2 s
with
9.2 4% (1160
2 1-a° gy

Viewed as an equation fa with 8, g,,, fixed, (1.16b) has two roots. The two roots cquoesl to
half-BPS boundary conditions of the D3-NS5 dD8—- NS5 systems, respectively.
Although written as a bulk integrall, has only a boundary variation, simply because on a

manifoldV without boundary,LTrF OF is a topological invariant. In fact, we can almasite TA

as a boundary integral, the integral over the serfd = 0 of the Chern-Simons form:
To=—2 [ de™ T Ad,A +2AAA 1.17
AT ﬁjﬁzo XE r A.l v 5 ,uA}/ K ( : )

Now we want to show an interesting equation coringrithe gauge fields as described in the
Jormakka’s paper “Solutions to Yang-Mills equatichsaand connected with an Ramanujan’s
identity concerningm in the my recent paper.Oh some equations concerning quantum
electrodynamics coupled to quantum gravity, thevgaéional contributions to the gauge couplings
and quantum effects in the theory of gravitatioratmematical connections with some sector of
String Theory and Number Theory”.

J-dzxe_ﬁz(ng% jdyl fﬁ) = jdzxe—ﬁz(yﬁwi)%m(ﬁﬁ)d _
\/_( ) J-dx39 B st'dxze 2\5ﬁ) ' :% gm(ﬁlg)—ljdxﬁ_ﬂzygJ-dyze—;(ﬁﬁ)z y2 _

T\/E 271) \/_,3 jd)g X :%E%(ZH)(ﬁﬁ)_zjdyﬁ'ﬁzyg :% g%(Zn)g(\/E )_3
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sinh7x sinh7x 16

This equation can be connected with the eq. (1Hat)we have multiplied fovf—; as follows:

6 _ 2a 4m 9772 2a4nn2 2a773

: )
2mr 1-a® gl o 16 1-a 93, 16 1-aZ4g?,

(1.19)

thence,

2
o= iz =
=5 x4 .[_Od XE Tr(AﬂavAA+3AﬂA,AAj:>

T~ 6
T =— 9T goxem e Ad A += A
16 % 2w 4m 16I (A” A”A” j

-~ 1 2a
~a,=-—x d’xe"Tr| A9 A, += A 1.20
16 % 4m 1-a®4g?, j (A” A”A” j (1.20)

We obtain the following mathematical connections:

%EFA = 4];Tx12aa 4gYMj d XE#VAT[‘(AO A +— A/JA/A)
= [d2xe# iy \/_jd jd xe P03 +3) \/_\/—(J—ﬂ)
:%\/_( ﬂ)_ljd)%e_ﬁzygjdxze_i 8% z%\/gm(\/iﬂ —ljdxse_ﬁzygjdyze‘z(ﬁﬁ) vs _

%

T (Zﬂ)(ﬁﬂ)_zjdxe,e‘/’zyg =T 22(277(\/_ ,8) [dye™ _T ——(277)2(\/_ ,8)

Ud xe " bivi) \/_\/_(\/_,8) } _8§x L

V2B
2 H 2
= J' N dx+J' Nty -1 i—3ﬂ+772 . (1.21)
o0 sinhrx o sinhrx 16{ 4
A Wick rotation x° - —ix° reverse the sign of~x, and multipliesrA by —i. So in Euclidean

signature, combining the terms involving and A, the boundary interactions of the D3-NS5
system are



1 2a 2
I"=——| d% - EPTrX [X,, X +| gﬂ“Tr 0,A += A All. @22
g Lo (ﬁ3l+a N e [Aﬂ A jj (1.22)

In a convenient notation in whicW =4 super Yang-Mills is obtained by dimensional rechrc
from ten dimensions, with the ten dimensions laakby x°,...,x°, the Euclidean signature version
of the chirality condition for supersymmetry geriera and fermions is

rr.re=-ie, . A=-iA. (1.23)

To define a topological field theory, one definegraup 80(4) that acts by rotating’,...,x* in the
usual way, while simultaneously rotating four nofmeoordinates x*,..x’. We pick a

supersymmetry generater that is SO(4)-invariant, meaning that it obeys
(r,UV +r4+/,1,4+v)£=0) ﬂlv :O,---,B- (1.24)

From the point of view ofSO(4) symmetry, four of the adjoint-valued scalar fielks .V = 4
super Yang-Mills theory are reinterpreted as awiatlivalued one-formp= ZZ:o%dxﬂ , while the

other two combine two an adjoint-valued complexascheld o . SO(4) commutes with a group

Sd2) 00U (1) of R-symmetries that rotates® and x°. We normalize its generatd¥ so thato
has charge 2.

We identify that tangential part af, that is @ = Zizowﬂdx“ , with X, and we identify the normal
part ¢, with a component of , say,. The boundary couplings (1.22) become in this tiara

l V,
= o J-3 d3xe” ATr( ~(1+—)40ﬂ¢5@ +i—— (Aa A += AyA,A jj (1.25)

The condition (1.24) forSO(4)-invariance of the supersymmetry generator actuadly a two-
dimensional space of solutions. It is possibleitk ja basis of solutions,, &, that are chiral in the
four-dimensional sense,

Forofs = =€ Tonf =& . (1.26)

It is possible to normalize, and &, so that, foru = 0120r 3,

r

uA+pC

& ==&, I,,..&5=¢&. (1.27)

r? A+ uEr

In constructing a topological field theory, we mi@ke the supersymmetry generatorto be an
arbitrary linear combination of, and¢, . Up to an inessential scaling, we take

E=¢, +te,. (1.28)
Now we can make contact with the D3-NS5 systemmAD.23), (1.26), and (1.6), we have

B, =ig,, Byg =-ig

re

(1.29)



Using also (1.27) and (1.24), one can show, withesgamma matrix algebra, that
Be =-¢, Beg =-¢,. (1.30)

It follows that

2t

. 1-t?
(1+| el A Blj(e'/ +t,)=0. (1.31)

On the other hand, with the help of (1.7), we $e the objects, defined in (1.8) obeys the same
equation

1- t2
(1+ e B, + Lo Bl}so 0 (1.32)

if and only if the parametes used in describing the D3-NS5 system is relatdddgarametet of
the topological field theory

a=it (133
+it ( )
Substituting (1.33) in (1.16b) and solving fdr, we get the surprisingly simple result

t? =

(1.34)

N~

The operationt - —t corresponds ta - -1/a and to exchange of the D3-NS5 and D$5
systems. With the aid of (1.33), the boundary cigsl (1.25) can be rewritten

0o_— 1 3y cHVA t+t_l t t_l
7= [ O T - —aam +— S| AQA + S ALAA . (1.35)
YM

Thence, we can obtain the following mathematicainetion:

-1 22 2
g2 e 0d XE Tr( ~(1+—)¢ﬂ¢(,@ ti—— (Aa A, +3AﬂA»AAD:>

:gTLS:Odsxngr( t+t™ a0 + t+t (A6A+ A”AAAD' (1.36)
YM

O
I

N =4 super Yang-Mills theory in four dimensions adniit$6-BPS Wilson loop operators. They
are constructed as follows. The supersymmetry fioamstion law for the bosonic fields of this
theory is

O =igr A=-iAT,e, 1=0,.9. (1.37)

Here we use a ten-dimensional notation: faz , A is a component of a gauge field, and for
| >4, it is a scalar field. By twisting, we have corteer four of the scalar fields to a one-fogm



Usually, we use Greek letters,v... for four-dimensional indices, so we Wrim=2i:0Aﬂdx",
Q= ijo%dxﬂ = ZZ:O A,,,dx" . Suppose that is such that

(r,+ir,,)Je=0, ©=0..3. (1.38)
Clearly, in this case, Wilson operators of the form

Tr.Pexp-§ (A+ig) (1.39)

are invariant, for an arbitrary embedded loKp in spacetime and any representatignof the
gauge group. Similarly, if

(r,-ir,,)Je=0, p=0..3 (1.40)
then there are supersymmetric Wilson operatoreefdrm

Tr.Pexp-§ (A-ig). (141)

For a Wilson operator supported entirely at thenolamy ofV , we can use the boundary conditions
obeyed byA, as well as the conditions obeyed byto establish supersymmetry. We will describe
the conditions that on the boundary\of
0=03(A, +wg,)=-iA(", +wr,, Je, p=012. (1.42)
In (1.42) w is a complex number, to be determined. If (1.42)$, then upon setting
A,=A+wg, (1.43)
we can construct supersymmetric Wilson operators

TrRPexp{— §K AW). (1.44)

for any knotK in the boundary o¥ . The actionl of &/ =4 super Yang-Mills theory on a four-
manifold V is the sum of a term proportional 18g?Z,, , which contains the kinetic energy for all
fields, and a term proportional #:

1 .0
| = d*x o+ d*xe” " TrE F .. (1.45
gsM J-V \/a’ekln 32772 J-V u' ap ( )

Also this equation can be related with the Jormakk&guation (1.18) multiplying both the sides for
87" and obtaining:

_8775 4 9773 4, ~HVap
| = gide x@ﬁkin+|7jvd Xe*"PTIE, F,, =

v ap



 [otxe b % jdyle-i(ﬁﬂfvf _ jdzxe £y i) % L vonl2p) -
%JZ_( 2] [ e = fffﬂ e faye 7 =
= lz) Joxe s = 1 2L nfas) [y = 1 3 Lornk(2g)°
T
Ud N \/_\/_(\/_[a’)} sfx(é))g:

3”3(_[0 300877( _[ 3 sin7x® j_i(§—3”+ 772] (1.45b)

smhnx sinh7x 16

Here, the part off,, that involvesA,¢ only is (in Euclidean signature)

A9 = —Tr(% FWF”" +D,g D¢ + qua“gd +%[@,@]2j . (1.46)

Both terms on the right hand side of (1.45) @envariant. The& term is Q-invariant because,
more generally, it is a topological invariant, uaoged in any continuous deformations. It
represents a nonzero class in the cohomolog® ofOne might suspect that the integral 8f,
would vanish in the cohomology @, as happens in many twisted topological field thesp but
this is actually not the case. Instead, the fegnton the right of (1.45) is equivaleimtoc{Q,...} toa
multiple of the second term. The precise relat®n i

2n¥ vap
1 ={Q,.. 32n2jdxg TrF,Fy,  (1.47)

where

Lo i1
LIJ—i 47 t -t

——— (L.48
2 g, t+tT (1.48)

is the canonical parameter.
Thence, the eq. (1.45) can be rewritten also &swel

. 6 4., ~uvap 2n¥y vap
+'32,72de Xe" TR, Py ={Qu 3+ 502, [, d*xe" P TIF,,F,y . (1.48b)

Under a generab-duality transformation

L 3T¥D g 49)
cr+d
t transforms by
.St 150
cr +d|

9



and thatW transforms just ag does:
a¥ +b
cW+d '

(1.51)

—

The formula (1.48) fo holds for allz,t. Imposing the relations (1.16b), (1.33) that atural in
studying the D3-NS5 system, we can derive sevatatasting alternative formulas. Eliminatihg
in favour of g,,, and &, we find

w=1

2
r
- (152
Rer ( )

showing thatW¥ is always real for the D3-NS5 system with physiclues of the parameters (real
o,y and 8). Alternatively, eliminatingd in favour of g,,, andt, we get

W

4ri (t—t t+t?
:g2 (t+t-l_t—t‘lJ' (1.53)
YM

The integraljvd“xg‘””ﬁTrFWFaﬁ is no longerQ-invariant, but varies by a boundary term. It is

convenient to replace this integral by a multipfetlee Chern-Simons function. We define the
Chern-Simons functioﬁ:S(A), for any connectiorA , possibly complex-valued, by

cs(A) =%T [, dSXE”MTr(A/j@VAA +§AﬂAVAAj . (1.54)

In terms of this function, we can make the follogvisubstitution on the right hand side of eq.
(2.47):
2nYy RN .
T [ d'xe™ T, F,y ~ iWCHA). (1.55)
Writing h for the dual Coxeter number &, we can write a formula equivalent to (1.54) ine
of a traceTr,, in the adjoint representation &f:

cs(A)= % [ dsngTrad(AﬂavAA +§AﬂAVAAj . (1.56)

Thence, we have the following connection:

cgA)= %T [, d3x5’MTr[A#6VAA + %A#AVAAJ = %j{w d3x5”””Trad[A,ﬁvAA +§A,JAVAA j :

(1.56b)

Also this expression, can be related with the J&kaa equation (1.18), multiplying both the sides
for 77 and obtaining:

10



cyA) 7 Lvd‘?’xe"”Tr(AﬂavAA +§A#AVAAJ =iLvd3xs"”Trad(Aﬂ0VAA +§AﬂAuAaj =
d Xe -5 Y2+Y3 dve - d Xe B (YZ+Y3 \/_ \/_
= | Tfaye= " =] Toenl2p) =
2 2 _ s s _1 2 %
_% ) jdxse—/f ygjdxzez yzz_\/:\/ﬁ\/zg ljd)%e_'gy3jdyze 2(ﬁﬁ)y =

3

§2ﬂ (V28] [o, —/ﬂyg:T Zz(zﬂ(fﬁ) [ye :%E%(Zﬂ)z(\/iﬂ)‘s
Ud xe b \/—\/_(\/_ﬁ) } '8§x o

%1

V2B
N n3(j 3cosm dx +J' 3S|n77< j_i(i—siﬁ 772]. (1.56c¢)
o sinh7x sinh7x 16

The boundary couplings must be a functionfgf only (modulo Q-exact terms), since this is the
only non-trivial Q-invariant combination of boundary fields.

The coefficient ofCS(AW) is preciselyiW . The generalization of (1.47) in the presence of a
boundary is

| ={Q,.}+iwcsA,). (1.57)

Where CS(AW) is written explicitly as a function oA and ¢, the ¢ -dependent terms are given by
local, gauge-invariant integrals, since

1 . 2w’
c9A,)= CS(A)+ET [, d°xe* ”Tr(w%FM +Wg,D,g, +T¢mgj. (1.58)

The coefficient ofCS(A) in the boundary interaction i& , and in view of (1.58), the coefficient of
cs(A,) must be the same.

Under favourable conditions, computations in togalal field theory can be localized on
configurations that obefQ, 7} =0, for all fermion fields¢ . Among the fermions of F = -1 in the

present model are a selfdual two-forgi, and anti-selfdual two-formy~, and a scalarp. They
have the property that’” :{Q,)(+}, v ={Q,)( } and° = {Q /7} depend onA, ¢ only:

V' =(F-pOp+td,g)’, ¥ =(F-pOp-t'd,g], ¥°=D,¢". (159

Here for any two-forma, we write @ and a~ for its selfdual and anti-selfdual projections.
Localization of A and ¢ can be achieved for retlby adding a suitable term to the actibn

|| —%{Q,jvTr(,wfv* XU+ )= —%jVTur((fw)2 (0} +(v?f +) (1.60)

11



where £ is a small parameter and the omitted terms areifer bilinears. Fot real, V", ¥, and
° are real, and the modified action diverged/as unless the localization equations

(F-pOg+td,g) = (F -pOp-t"d,g] =D,¢* =0 (1.61)

are satisfied. So the path integral is supported, & — 0, on the space of solutions of those
equations.

To understand explicitly the origin of thie-dependent boundary terms in (1.58), we have toemak
more explicit the relation of the localization peoltire of eq. (1.60) to the physical actiontf= 4
Yang-Mills theory. The identity we need is the @wiling:

J' d xTr( _tl U, 0 +t+tt =4, 07" ( )j j d*x,/gLA? Z(mj d*xe"#TrF, F,; +

t—t?

V 2
+Lvd3XEMT{‘t+t-1%FM 9Dt %@@J (1.62)

3t+tt

After multiplying by 1/ g2, and making the substitution (1.55) in one termcam rewrite (1.62) as
follows:

2
t+t

g%jvd‘*xmn={Q,..}+g%jwd3xeww( (aoa+Zann

t—-t?
t+t-1% D@ -

—1% VA

e %m] (1.63)

When we add the boundary terms that have appear@da3) to the boundary terms (1.35) that are
already present in the physical theory, beforettags we find that the action has the expected form

{Q.}+iwcsA,), (1.64)
with the expected valua = (t —t‘l)/ 2.

The transformation law (1.51) for the canonicalapaeterW tells us that the parametdt” of the
dual theory is related t& by

Wi=-——_ (1.65
ngLP ( )

On the other hand, sind€ =1, the formula (1.48) fot’" reduces to

Combining these formulas,

12



For G” = SU(N), we define the instanton number of #6€ gauge theory by

P &""TIF,F,, (1.68)

32772

whereTr is the trace in the N-dimensional representaffam.anyG"”, we can take

1 vap
"o 32;72L‘9ﬂ TrgFuFas . (1.69)

where h” is the dual Coxeter number &, and Tr,y is the trace in the adjoint representation of
GD

The instanton number of &"”-bundle E - V is a topological invariant i¥/ is a four-manifold
without boundary. It remains a topological invati@hV has a non-empty boundary and we are

given a trivialization ofE on W =90V . We have just discovered that instead of beingalized on
W, E is identified onW with the tangent bundl@W to W ; the gauge fieldA restricted tow is

similarly identified with the Riemannian connectian on TW, or more precisely with it$G"-
valued image&(w), where &:su(2) - ¢" is a principal embedding. This means that theaittsn

number P is not invariant under a change of mefri¢ . In general, under any change in the gauge
field A, the change in P is given by the change in ther©Banons invariant of the restriction of
A to the boundaryVv:

1
oP=—0CS(A). (1.70
5-0CS(A).  (1.70)
Since when restricted &/ we haveA=¢ (a)) we can equivalently write
1
oP=—0CS|(é{lw)). 1.71
L scslel). @

In turn, CY&(w)) is the same a8 CS(w) where CSw) is the Chern-Simons invariant of as an
SU(Z) connection, andk is an integer, analyzed presently, that resutisifthe embedding. So we
can slightly simplify (1.71) to

- &
JP= Zné'CS(a)). (1.72)

If V is a compact manifold with boundary, there israpde cure for this. We simply modify the
definition (1.69) of P by subtracting the integmler V of a suitable curvature integral. The

curvature integral is a multiple qﬁ\‘/TrRDR, with R the Riemann tensor & . This integral is a

topological invariant ifoV = @, and in general its variation is a multiple 6fCS(a)). We pick the
coefficient to cancel the boundary term in the at@on of P. Thus, we replace the definition (1.69)
with

1
2h° 32772

= |, & TP F 6_1 == |, T RLRy,,  (1.73)

°s oo " o N

where we view the Riemann tensor as a two-form walues in endomorphisms of the tangent
bundleTV of V and take the trace accordingR.is an integer-valued topological invariant.

13



We note that3277° =31582734081315 B83that is possible to connect at the following value

315,7587390 [ 315,76 (see 1/1,375, i.eo= partition numbers) and also to the value
3156949704C 31569 (see * 2,71828 = “e”), i.e. the Table concernihg tuniversal music

system based on Phi

We use eq. (1.56), in which ¢s) is defined for any connectioA using a trace in the adjoint
representation (and we skt=2). It is convenient to evaluate the right hand fle(1.56) as the
sum of an integral ovel, with the connectior, an integral oveW, with the connectiorw, and

a correction term on the common boundargf W, andW, that involves the gauge transformation
betweena and w:

CS(%‘)) 167 .[ Trad(Wde+§waDa)j+—J‘ Tr dedw——j TrdsOw. (1.74)

We note that the following equation can be relatdth the Ramanujan’ modular equation

concerning the superstrings, multiplying both tiues for?%. Indeed , we obtain:

2 1 2
3_1CS(%))_WT Trad(a)DdaHBa)Da)Da)j —I Tr, dedw——I TrdsOw=

© COSTEXW & W iy
antilog™ conszhnx 1\;‘\'/2

-1 e * i) . (1.74b)
3 [\/{10+11\/§] \/[10+7x/iﬂ
e R

Furthermore, we note tha{?’z—lz0.064516129]0.0645D0.0638, value that is inserted in the

columns ¢z) and (* 1,375) concerning thaniversal music system based on Phi

The terms in (1.74) that depend on the framingkofare the integrals ovew, and =. A
straightforward evaluation gives

cslay)=-a(j+)+... (1.75)

where the ellipses come from the integral owérand do not depend on the framing ot Using
the following equation
q—acs( w)l2m _ =q ~bCSqy /187 (1.76)

(with v=1 for G" = Sds)), the dependence of the partition function on(@§) is a factor of

q'CS(“*”)/Z”. So finally, under a unit change in framing,- 7+ 27, the partition function is

multiplied by g'0*¥, just as in Chern-Simons theory.
According to the following equations:
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.1 1 3,
F'-2BxB--DB=0; (177) F,+> D'B,=0, £=0..3; (L.78)

v=0

the equations for a supersymmetric field configoratin this theory (i.e. the gauge theory
description) read

+_1 l1yg=-0- g =
F'- BxB-DB=0; F,+D'B,=0. (L79)

On a manifoldZ , with local coordinates!', a metric tensoy; , and a Morse functiofi , the flow

equations of Morse theory read

du' j
il y' . (1.80)

We endowW, x R, with a metric g; dxdx’ +dy?. On the space of fields ai, x R, , we define the
metric

ds'=~[  dxdy/oTr(g'dAd + A + 0! BBy ). (18D)

And then we define the Morse function
r==f, dedyT{\/_g" F,By, += s”k(Aa A +Z AAJ.Ak - BOiDjBOKJ +\/ij, (1.82)

with w a constant chosen so that the integral convergeyg . . A straightforward computation
shows that the supersymmetric equations (1.79jdrgaugeA, = OQare indeed the flow equations

with I as a Morse function.
The first-order supersymmetric equations (1.79)lympe second order Euler-Lagrange equations
of supersymmetric Yang-Mills theory. Setting

. 1 1 _ o
Y :(F —ZBXB—EDyBj , Z,=F,+DB,,, (1.83)
)74

v

so that the supersymmetric equations¥reZ =0, we find the following identity

_.[M4XR+d4Xdy\/§Tr(YWYﬂV +lezﬂ): _.[M4x d Xdy\/_Tr( FIJV + F FW +— ( y uv)z +

+1(o,B,F+ 116(B><B)W(B><B)”V+§BWB’”—1R B”VB/”)+... (1.84)

4 a = uv 4 Mvur

Here R

e @nd R are the Riemann tensor and Ricci scalaiMof; these curvature couplings are
dictated by supersymmetry whévh, becomes curved. In (1.84), the ellipses represendmission

of certain terms whose local variations vanish thisurface terms and a multiple of the instanton
number evaluated oM, . In fact, with our boundary conditions, both th@ume integral on the

right hand side of (1.84) and the omitted terms dix@rgent.The right hand side of (1.84) is

15



essentially the bosonic part of the action of maiynsupersymmetric Yang-Mills theory in five
dimensions

Indeed, we can to connect this equation with then&waujan’s modular equation concerning the
superstrings:

- -[M4><R+ d4Xdy\/§Tr(Y‘“’YW * Z”Zﬂ) a Imx& d4Xdy\/ETr(% F”VFW +F,F " +%(Dprv)2 +

1 1 vV R vV 1 v T
+Z(DHB,W)2 +1_6(B X B),UV(BX B)/j +§ B,UVBIJ _Z R/IV/.IrB/] B j .=
Jm COS7EXW oW iy
antilog ™ COSVK Dt%\;‘f
1 e« qiw)

2 . (1.85)
3 | N[muﬂi) \/(10+7\/§j]
0 s |7 4

2. On some equations concerning the applications of neabelian localization to analyze
the Chern-Simons path integral including Wilson lo@ insertions [2]

We recall that a Wilson loop operaMtR(C) in any gauge theory on a manifold is described by
the data of an oriented, closed cu@ewhich is smoothly embedded M and which is decorated
by an irreducible representatioR of the gauge grougs. As a classical functional of the

connectionA, the Wilson loop operator is then given simplytbg trace inR of the holonomy of
A aroundC,

W,(C)=Tr-Pexp-§A). (2.1)

To describe the expectation vaIueWFt(C) in the Lagrangian formulation of Chern-Simons tiyeo
we introduce the absolutely-normalized Wilson I@aph integral

K 2
z(k;C,R)=jﬁ)AWR(C)ex;{uEJMTr(ADdA+§ADADAH . (2.2)

in terms of which the Wilson loop expectation vaisigiven by the ratio

(We(C)) =% (2.3)

With regard 4i in the eq. (2.2), we have the}l¥1—=o,07957D0,07893 value inserted in the
T T

column (*Pigreco) concerning the Table of tinéversal music system based on Phi
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Let us consider the simplest Wilson loop — nam#ig, unknot Wilson loop — in Chern-Simons
theory onS® with gauge grourSU(Z). For the unknot, the absolutely-normalized Wilsmop path
integral in (2.2) is given exactly by

z(k;0,j)= ‘/kizsin(kfzj, j=1..k+1. (2.4)

We have thatj runs without loss over the finite set of irreddeilsepresentations which are
integrable in theSU(Z) current algebra at leved. This simple result was first obtained by Witten
using the Hamiltonian formulation of Chern-Simohegdry, and as a special case, when is1
trivial, the general formula foZ (k; O, j) reduces to the standard expression for3h#2) partition
function Z(k) of Chern-Simons theory of®. From the semi-classical perspective, we can gain
greater insight into the exact formula fﬁ(k;O, j) by rewriting (2.4) as a contour integral over the
real axis,

g(h_l) "
Z(k;O,j)=2; 2(k+2) I dxch{e4 stmhz(e“ ;jexp{— (k+2)x2j. (2.5)

8rr

Here ch; is the character 08U(2) associated to the representatipn

Ch] (y) = SInh(Jy) - e(j_l)y + e(j_3)y + ...+ e_(j_s)y + e_(j_l)y , (26)

sinh(y)

and the equality between the expressions in (2d)(Aa.5) follows by evaluating (2.5) as a sum of
elementary Gaussian integrals. Thence, we obtaifollowing expression:

. ﬂ]ﬁr_]) i
Z(k;O,j):,/kizsin(k?2j=% 2k+2) j dxch{e4 )z(jsinhz(e“gjexp(— (kBJ;TZ)XZj. (2.6b)

The non-degenerate inner productRnl Eg is given by

(p.¢.2).(a.w.b)=—[ deTr(@s)- po-ga. (2.7)
A non-degenerate, invariant inner product on theedlgebra ofJ (1)R X(,;O is given by
(p.¢.a).(a.¢.b)=~[ xOdkTr(@y)-pb-ga, (2.8)

in direct correspondence with (2.7). Furthermohe, action ofU (1)Rxc§0 on A is Hamiltonian,
with moment map

(,(p.@a)) = %pj Kk OTr(£,ADA)- IKDTWFA deDTr(qA) a. (2.9)

17



From (2.8) and (2.9), we see immediately that

_ _ k OF, -dk DAY
(t,p) =« OTr(£,ATA) IMKDdKTr|:( prrp ” (2.10)

Using the identity

A= IEEA o g
dx Ok

let us rewrite (2.10) as

1
k Odk

Tr[(K O FA)Z].
(2.12)

(w,p)= | xOTr(ADA)+2[ x OTr[(AF]-[ D dKTr[(/RA)Z]— [
We also require the following identity

C$A)= | Tr(ADdA+§AD AD Aj = [ kOTr(eATA)+2[ « OTr[(A)F,]+

- [k OdTr|(eAY]. (2.13)

With regard% and 2 in the eg. (2.13), we have§+=0,66666D 0,66666667, i.e. 0,8333333];1,

where 0,8333333 is the value inserted in the colu@®ystem” in the Table concerning the
universal music system based on Phi

We consider a general Wilson loop operator
W, (C)=TrPexp-§A), (2.14)

where C is an oriented closed curve smoothly embeddedvin and R is an irreducible
representation of the simply-connected gauge g@ufhe basic Wilson loop path integral is:

CcR=_L [1Y" i 2
Z(e;C,R) _VOl(q)(zngj jz)AWR(c)ex;{zng Tr(ADdA+ BADADAH ,
=2—k”, A, =dimg  (2.15)

Thence, the eq. (2.15) can be rewritten also vt

: _ 1 LA"’ ik 2
Z(S’C’R)_—vm(g)(zmj [DAW,(C)ex 4ﬂjMTr(ADdA+3ADADAﬂ. (2.15b)

The Wilson loop path integral in a shift-invaridatm is:
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Z(‘S;C’R):v;(q)v;(s)(z;lz jAQ | ﬁ)Aﬁ)dDu{?(C)ex;{éeS(A—KdD)] (2.16)

Here U} (C) denotes the generalized Wilson loop operator ddfimot usingA but using the shift-
invariant combinationA — x® , so that

w,(C)=TrPexd-§ (A-x0). (217)
The semi-classical description for the Wilson leperator is:

WR(C)nga’ZILO @Uex;{i%(u;ﬂc)], £=2Tn, A, =dimLO,. (2.18)

We write éLO,, to indicate the loopspadeO, equipped with the sigma model metric induced from
the invariant Kahler metric oeO, =0,,. We have that

W,(C) = Loa DU extlics, (U Ac)].  (2.19)

We can formulate the basic Wilson loop path integrg2.15) using (2.19), as a path integral over
the productA x£.0,,,

Z(S;C,R)zvml(g)[ ﬁ jﬂe IAstoa@A@U exp{zi—geS(A)Hwa(U;A{C)] (2.20)

The topological sigma model action for in terms of a bulk integral ovev is:
oo, (U; M) =§ Trla gd,0)=[ & OTrle7d,0). @21)

Thence, we note that the eq. (2.20) can be rewrétso as follows:

1 (1) i . L
Z(‘S;C’R)zvm(g)(ﬁj [, PADU exr{z—geS(A)H [ & 0Trlom dAg)] (2.21b)

As in (2.16), we first consider the generalizatodrthe following equation

z(g;c,R)z\/Oll(g)( % j% anoa DADU exr{zi—ges(A)+i%(u;40)] (2.22)

obtained by replacingd with the shift-invariant combinatio& — < ,

Z(‘S;C’R):v;(q)v;(s)(z;lz jAQ j ﬁ)Aﬁ)Uﬁ)dDex;{éS(A,d),U)] (2.23)

where
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S(A®,U)=CS(A- kD) + 28, (U; A- kD).  (2.24)

We assume that the shift symme8yacts onA and ® just as before, and acts trivially onU .
Upon setting® =0 with the shift symmetry, we reproduce (2.22) afotee On the other hand, to
underscore the significance of (2.23), let us exrlpdine shift-invariant sigma model action
cs,(U; A- k®) in terms ofd . From (2.21), we immediately find

5, (U A= K®) = e, (U; A)- | k08, Tr|(gag™Jo].  (2.25)
The essential observation to make about (2.25)mplg that ® appears linearly. Thu® still

enters the total shift-invariant actid®{A, ®,U) quadratically. To be explicit, we expargfA, ®,U )
in terms of® to obtain

S(A®,U)=eS(A)+2as,(U: A) - [ [ox OTr(@4,) - x DdkTr(@2)].  (2.26)

Here as a convenient shorthand, we introduce aefgéimed” curvature, which includes the
delta-function contribution from (2.25), so that

3. =F,+&lgag™)e.. (2.27)
By virtue of the shift symmetry, the remaining igital over the affine spac& then reduces to an

integral over the quotienA =A /S, and we obtain the shift-invariant reformulatiointioe general
Wilson loop path integral in Chern-Simons theorigu§,

1 _ Aq /12 _ .
Z(:CR)= = (g)(ﬁj [ a0, 2ADU ex;{ZLg s(AU )} . (2.28)

where

S(AU)=eS(A)+ 2205, (U; A )- | ! mwogy] (229

Mk Odk
We consider a product of Wilson loop operators @ssed to oriented curveS, which are linked
in M and decorated by irreducible representati®awith highest weightsr, for /=1..L. On
each curve we introduce a corresponding sigma mizeldl U,, and we apply the semi-classical
description ofWR(C) in (2.19) to write the obvious generalization2£0),

z(e;(cl,a),...,(q,a»=ﬁ(g)(ij% .

.?)A_?)Ul..fl)ULex;{éeS(A)Hz e, (U(;P{c)] (2.30)

d|
AXeLO,, x..xeL0, =

Through some manipulations, we find that the simftariant version of the Wilson link path
integral in (2.30) is given by
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2(:(C. R (m»=ﬁ(g)(%ij

where

s(AU,...., UL):GS(A)+2£2%,} (u,;NC)—jMKmldKTr[(K Df;A)Z], (2.32)

with
L

5 =F,+&Y [(gao)e] . (2.33)

=1

Thence, we can rewrite the eq. (2.32) also asvalio

s(AU,,...u ) =es(a)+ 252%,; LiAe)-], K DldK TI’KK D(FA + gg[(gagl)ac]fnz} . (2.33b)

The moment mag: for the action ofH on LO, is given up to a constant by

((p.pa) =—f kTrlodpg .0+ o7m)].  (2:39)

The shift-invariant path integral describirig{g;c, R) in (2.28) becomes a symplectic integral over
A, =Axd0,,

Z(e;,C,R)= ﬁ(q)(%)% ’ jﬂa ex;{Qa +és(A,u )} . (2.35)

The moment map which describes the Hamiltoniaroaaf H on the produciA, =Ax&.0,, is
the sum of the moment map fér in (2.9) with £ times the moment map fdrO, in (2.34), so
that the total moment map ok, is given by

</J,(p,qo,a)> —a- pIM K DTrBBRAD A+ ea(g‘lﬁRg)JC} —J-M K DTr(qaiA) + IM dx DTr(qu) , (2.36)

where
g =F, + g(gag’l)dc. (2.37)

Again, &, is the generalized curvature (2.27) appearingadiein the shift-invariant action
S(A,U ) From the description of the invariant form on the algebra ofH in (2.8), we see that
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(u.p1)=[ &k OTle,ADA+ 260(g £,0)0]- | deKK D%ggz = Aﬂ . (2.38)

To simplify (2.38), let us expand the last ternréie as

k0% -dk DAY | _ 1 ) )
IMKDdKTr|:( T ”_jMKDdKTr[(KDg) —2(ng)(dKDA)+(dKDA)]. (2.39)

The term in (2.39) which is quadratic #§ appears explicitly irS(A,U), and as for the term linear

in &,, we need only extract the new contribution from 8eifert loop operator,

—2¢ IM kU 5CT{(909_1{ 3’; Eﬁﬂ = —2£§3C KTr[a Eﬁg‘llRAg)] . (2.40)

Here we have applied the identity in (2.11). Afidittle bit of algebra, we thus rewri(gu,,u) using
(2.40) as

(14, 11) = J'M k OTr(L,ADA)+ 2J'M Kk OTr{(1,A)F, ] - jM k0 dKTr[(/RA)2]+

+ 2£§C KTr[a Eﬁg’lﬁRg + g‘llRAg)] - IM =

p DOIKTr[(/( Dz\)z]. (2.41)

At this stage, we apply our identity in (2.13) &cognize the first line in (2.41) as the Chern-
Simons actionS(A). We also have the much more transparent identity

e, (UsA)= §CTr(a gd,g)= §C/(Tr[a foL.g +0%:Ag).  (2.42)

The identity in (2.42) follows immediately if weaa&ll that the vector fieldR is tangent toC and
satisfies(k,R) =1. So from (2.13), (2.41), and (2.42), we finallytaib the following result

(1, 1) = €S(A) + 29, (U; A ) - | ! Tr[(KDg)2]=s(A,u). (2.43)

M g Odk

Consequently the Seifert loop path integral in $2.assumes the canonical symplectic form
required for non-abelian localization,

Z(&;,C,R)= vml(c;)(%j% ’ jﬂa exr{Qa + 2i—£(,U, /J)} . (2.49)

With  regard Zi we have that: Zi:0,159154943]0,360674!]3=0,160299 or
T

T
0159154943 0159649217 and this values are in the columns (*Pigreco) @gadPigreco) of the

Table ofuniversal music system based on Phi
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We let C, for /=1...,L be a set of disjoint Seifert fibers d¥l , each fiber labelled by an
irreducible representatioR, with highest weightr,. We then consider the symplectic space

A,=Axd0, x..xed O, , (2.45)

with symplectic form

L
Q,=Q+e>Y, . (2.46)
=1

where a = (a,,....@,) serves as a multi-index. The group =U(1)R><(',°~0 now acts onA, in a
Hamiltonian fashion with moment map

(u(p.ga)=a- ], 0T S a0A+ 3 fola 0] |- [k OTr(e)+ [, ae D),

(247
where

g =Fat gZL: [(gag‘l)é'c][ . (2.48)

By the same calculations leading to (2.43), thdt-#mvariant action S(AU,,...U, ) in (2.32) is
precisely the square of the moment map (2.47)HerHamiltonian action oH on A, . So when

applied to multiple Seifert loop operators, theftsimvariant path integral in (2.31) can also be
rewritten in the canonical symplectic form,

Z(e:(C,R),(CL,R ) = wi(g)(%j% ; I ex;{Qa " 2i_g(”' ,u)} . (2.49)

Non-abelian localization provides a general meanstidy a symplectic integral of the canonical
form

Z(g):Voll(H)(ijAH lzjx ex;{Q—Z—lg(,u,y)] A, =dimH . (2.50)

Here X is a symplectic manifold with symplectic for@, andH is a Lie group which acts oX
in a Hamiltonian fashion with moment magp. Finally, (. , .) is an invariant, positive-defiai

quadratic form on the Lie algeb# of H and dually ons” which we use to define the “action”
:%(,u, ) and the volumeVol(H) of H that appear in (2.50). To apply non-abelian lazaion

to an integral of the form (2.50), we first obsethat Z(¢) can be rewritten as

Z(s)=\m%(H)j,iXXB—ﬂexn{Q—i<u,¢>—§(co,<o)}- (2.51)
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Here ¢ is an element of the Lie algebfiaof H, and [dw] is the Euclidean measure @nthat is
determined by the same invariant form (., .) whighuse to define the voluméol(H) of H . The
measure[dq)/Zn] includes a factor ofl/27n for each real component gf The Gaussian integral
over ¢ in (2.51) then leads immediately to the expressiory in (2.50).

We define the local contribution td from the componen€ O X by the following symplectic
integral overN ,

Z(e), = Voll(H)IﬂxN[(Zj_ﬂ exr{Q -i{u,0) —%(go, o)+ sDLIJ} . (2.52)

So long ass is non-zero andV is given by the following equation
W = JdS=(u,Jdu); in components W = dx™J"0,S=dx"*3"0, 4, (2.53)

the integral (2.52) over the non-compact spakces both convergent and independentsofso that
Z(e) , is well-defined. Z(e),, in (2.52) is given by the following integral ovéyx M,

Z(¢) 1 )Iﬁow{dw}%(ﬂl,%)

- - e
|M_Vo|(HO o eHO(M,El)eX’{Q”e i(yo.0) 2((//,1//)] (2.54)

With regard the non-abelian localization formula(i54), let us mention two particularly simple
special cases. At one extreme, we supposeHhaicts freely on a neighbourhood of the vanishing

locus € = 1*(0) 0 X of the moment magu. Thus H, is trivial, and y, =E, =E, = Q The non-
abelian localization formula in this case reducethée following integral overit = ,u‘l(O)/ H,

Z(e)u =] exdQ+e0]. (2.55)

Here © is now the degree-four characteristic class aatnerd:itou‘l(o), regarded as a princip#é -
bundle over M, and determined under the Chern-Weil homomorpHizgm—%(qo,go). At the

opposite extreme, we allow the stabilizel, 0 H to be non-trivial, but we assume thdt is
simply a point. The non-abelian localization forandibr Z|M in (2.54) then reduces to an integral
over the Lie algebr#,,

e[l 1

Here we have written thél,-equivariant Euler classes in (2.54) more explicits determinants of

Y Uk, acting on the respective vector spaégsand E, .

Now we apply non-abelian localization to the Seifeop path integral, which takes the canonical
form (see eq. (2.44))

Elj_lexr{—i(yo,w)—g(w,w)}- (2.56)

24



1 (=i )" i
Z2\&,C,R)=—F=| — _expQ,+—\u,u)|. (257
( ) Vol((})(Znsj '[Aa l{ 2% (,U /J)} ( )

By the general properties of the canonical sympentegral, Z(£;C, R) localizes onto the critical

points inA, = Ax&.0, of the shift-invariant action

s(AU)=cs(A)+ 25§Tr(a [g7d,g)- jM Tr[(/( D@)Z], (2.58)

1
k Odk

where
g =F, + e(gag‘l)d'c . (2.59)

Varying S(A,U) in (2.58) with respect td\, we immediately find one classical equation of iomt

kUG,
k Odk

-
de—K DdA(K 9,
k Odk

Fat 8(909‘1)50 —( j =0. (2.60)

Varying with respect tay, we find the other equation of motion,

_ 4 kOF
{a,g 'd,g - 49 1(@)9} =0. (2.61)

To expressZ(¢;C,R) in a manner which makes the semi-classical iné¢apion of the Seifert loop
operator manifest, we find it useful to introdube tjuantities

271
E = )
k+2

N N
P= l_l a, if N=1, P=1otherwise; 6= 3—% +1225(bj ,aj). (2.62)
1= j=1

Here &, is the renormalized coupling incorporating theftski— k +2 in the Chern-Simons level
in the caseG = SU(2), and s(b,a) is the Dedekind sum,

slb,a) = %fco{gj co{%} . (2.63)

a=m

We also introduce the analytic functions

F(z)= (%mr{%}jm [Ij(ZSim{z—;]] . GU(2) =4i—£r[%jzz —%z. (2.64)

We introduce the characteh (z) for the irreducible representatignof SU(2) with dimensionj,

ch(z)= sinh{jz) _ itz eli9 g 4l 4g7l02 (2 65)

sinh(z)
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The Seifert loop path integral di can then be written exactly as

of Lo+ (-1

Z(e:C.j)= (—1)e ’{ 44ﬁ } X{.dz:% [0 dzch(ng(z)eXF{G(l)(z)]_
2P—1Re Chj(;jF(z)eXF{G(o)(z)] d_l[zpl
1

- Zd:}Re{ChJ[EJF(Z)GX[{G(I)(Z)UL2’“ . (2.66)

Here €' for I =0,....d -1 denote a set of contours in the complex plane atech we evaluate

the integrals in the first line of (2.66). In pattiar, e is the diagonal line contour through the
origin,

eV =e* xR, (2.67)

and the other contour@") for | >0 are diagonal line contours parallel@éo) running through the
stationary phase point of the integrand, given by —47il (P/d). Also, “Res” denotes the residue
of the given analytic function evaluated at theegiyoint.

We see from the formula (2.66) thafs;C, j) has exactly the same structureZ{g) even whenj

is non-trivial. Again,Z(f;C,j) appears as a sum of terms associated to each oentpm the
moduli spaceM , and the Seifert loop operator is universally désd on each component by the
characterch; . Of the terms in (2.66), the contour integral fer O represents the contribution from

the trivial connection, which is given explicitly b

ey La o] 2ot £ (2]

o o]

To gain a bit more insight into the empirical forda(2.66) forZ(e;C, j), let us again specialize to
the case of torus knotsk,, in S’. With the Seifert invariants given from the follimg
expressions:

h=",0 a=p, a=4q (2.69);
n=-,1 b=p-r, b,=s (2.70),

the formula forZ(¢;C, j) becomes
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Z(g;“]{p,q’ J): (-1)—- 4 Toq ] x{%Lmdzch(gjsinr{z—;]sinr{z—zq]
L2 ] e

In passing from (2.66) to (2.71), we have explcélaluated the phas® in (2.62) for the Seifert
presentation ofS® with fiber X, .- Here we use two arithmetic properties of the Bauesum
s() that enterd,. First, as follows more or less directly from thefinition (2.63),

s(p-r,p)=<(q,p), s(sa)=s<(p.a), ps-ar=1. (2.72)
Much more non-trivially, we also use Dedekind reogity, which states that
pq[s(p, @) + (@, PI=p°+a*~Ppg+1, gedf,q)=1. (2.73)

Together, we apply (2.72) and (2.73) to compfitas

90:3—i+12[5(p—r,p)+ s(s, q)]:£+ (2.74)
Pq q

o© la

We have also evaluated the residues appearingeiretmpirical formula forZ(g;C,R). These
residues appear in the sum ovan (2.71), in terms of which we decompozér; Ko g j) as

2(e: %, 0.1)=2(6: 5, 0. 1) g +2(E:5, 0. 1)... (2.75)

where
ot 7 -3 B+ Someli-e | |
. z) . z
Z(‘E; Hogr J){o} = (_1) m xz_ﬂje(o) dZCh[EJSIW{Z—pj
sin}{ijexr{'—(ijzz] (2.76)
2q 4e.\ pq
and

3”'_‘(3+‘;+ pofj? —1)]5,}
Jpg

(Tl ). e

X
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We have that37n=2,35619D 2,35350, value inserted in the column (*1/1,375) concegnthe

Table of theuniversal music system based on Phi

As we have already mentioneﬂ(g; Ho g jl{o} can be naturally interpreted as the contributmn t
the Seifert loop path integral from the reducibleinp {0} in the extended moduli space
M(Jipvq, j). EquivalentIyZ(g; Ky j){o} Is the contribution from the trivial connecti({ﬁ} on S°.
But in the relevant semi-classical limit, for whiegh— 0 with j fixed, {,oab} is indeed the only

point in M(J{p’q, j). Hence our localization result for the Seifertgqmath integral implies that the
additional, oscillatory Gaussian sum in (2.77) magtally vanish,

Z(e%,,.7) =0, gedp,a)=1. (2.78)

After applying the vanishing result (2.78), we abta compact formula for the expectation value of
an arbitrary Wilson loop operator wrapping the foknot J, , in S* and decorated with the

irreducible SU(2) representatiof,

Z(‘g;‘%w j): Z(‘g;‘%p,q’ jX{O} \/_ F{ ILZZ (Z+%+ pq(j2 —I)HX
XI dxch (ei:ﬁ]sinr{eTiJsin{eTi}ex;{— (k+2)(x_2ﬂ (2.79)
R 2 2p 2q 8m  pq

With regard and k+2 for k=1, we have that -7
(k 2) 87 21+2) 6

=0,52359010,52520;

i=0,119366D0,118393 Bothe the values are inserted in the column {#3)3of the Table
regarding theauniversal music system based on Phiurthermore, we have that the eq. (2.79) can

be related with the Ramanujan modular equationewrirtg the superstrings and with the Palumbo-
Nardelli model equation, thence:

Z(6: 5%, 00 1)= Z(E6:5 00 1)1 = = 1q eXF{_ 2(|ZZ)(£+E+ pol _1)]}(

ol 2 A
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© COSTEXW oW dx
antilog ~COSIVK Dtgjf

1 e g (itw)

o]

N —jd%x\/ﬁ[—i—lg”pg“”Tr(GwGpa)f (¢)—%g’”6#¢5v§0} =

167G 8
w 2
:J- 12 J‘dlox(_G)1/2e—2¢|:R+4aﬂcbaﬂq)_l‘ﬁs‘z _K_120TI‘V0F2|2)} . (279b)
0 2/(10 2 glO

In writing (2.79), we have rotated the conto@f) =e* xR to the real axis and substituted
g, =27m/(k +2), so that (2.79) appears as a simple generalizafitite corresponding formula (2.5)

for the unknotO =X , .

We now apply the non-abelian localization formuta(2.54) to the Seifert loop path integral.
Because{,oab} 0O, /G is a point, the path integral immediately redueies(2.56) to an integral

over the finite-dimensional Lie algebfd = RO ¢, O R of the stabilizeH ,

Z(g;C,R)L)a,G __lor) J‘ﬁg[dw}de(i Ea'jde(%r

Vol(G, ) | 2 2
Here ¢ is an element in the algebfd . Because the groupH¢ =U (1), xG, xU (1), decomposes
as a product, we frequently write in terms of components

{1"’j_lxex{_i(ymw)_%(w,w)}- (2.80)

w=(p.pa)0ROg, OR, (2.81)

where p anda generateJ (1), andU (1), respectively, ang is an element of,, .
In arriving at the expression fcz(g;C,RXOa,G in (2.80), we have multiplied the result obtained

directly from (2.56) by
vollu (1)) wollu (1), ] 27,  (2.82)

which accounts for the prefactor involving in (2.80). By definition,y, O#, is the dual of the
value of the moment map evaluated at the poir 1O, . According to (2.36),u is generally
given onA_ by

(u(pga)=a- ij K DTrBBRAD A+ealg BRg)JC} - IM k OTr(g# )+ IM d« OTr(e). (2.83)

Points in O, correspond to classical configurations (@U) which are annihilated by2, and
satisfy %, =0, so only the first and last terms in (2.83) cdnite wheny is evaluated at points in
O, . We compute directly the last term in (2.83) to be
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J.M dx OTr(gA) = jM Kk OTr(gF,) = —ng k 0. Tr(ap) = -cTr(ag) = £la,¢). (2.84)
From (2.83) and (2.84) we thereby obtain

(o) =(11.(p.0.2))| o0, =+ £(a,g). (2.85)

We also recall from (2.8) that the norm¢ofis given by

(W)= J' K DdKTI’({OZ)— 2pa= —%Tr(qf)— 2pa. (2.86)

In passing to the second line of (2.86), we usaldseription ofdx in the following expression

dk = [n + Z ]n%, (2.86b)

j=1 J
along with the identity in the following expression

n+ig_+ - ai

al
=18, ]

to compute the integreflhﬁ( Odk =d/P, whered is defined as

(2.86¢)

]

d=[H,(M) (2.86d)

and P is defined in (2.62). Via (2.85) and (2.86), theegral overf, then takes the more explicit

form
<ot BT S8 o2l
Z(g’C’R)‘O”/G_VOI(GH)J.R%XR 21| 27) 2| % 2l |9 2l |

xex;{—la—w(a ¢>+%(gjﬂ(¢2)+iepa} . (2.87)

The vector bundleg; and ¢ both decompose into summands associated to theatdse factors
in the productA, =Ax&.0,, so that

&=&0¢"), &=£0N,. (288

Consequently, in any regularization, we can faztthe ratio of determinants appearing in (2.87)

as
de( 4 j Me(
277140

j =e(A)®(LO,), (2.89)
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where we introduce the separate ratios

e(A)= de(ZT gojde(%‘ﬂj_l, elLo, )= de(%

The integral in (2.87) immediately becomes

2060 R)e 0 = o ] ] ) L.}

21T || 21

xex;{—la—w(a ¢>+%(gjﬂ(qf)+igpa} . (2.91)

¥,

a

J_ . (2.90)

(10) j de(ﬂ
¢ 21T

The essence of localization @, /G now lies in evaluatinga(ﬂ) andg(LO, ). Because the central

generatora of U(L), acts trivially,e(A) depends only on the generatdms¢) of U (1), xG, and
is given by

b o o o 22

ﬁ{ZSIﬂ[ >H As =dimG, A =dimT. (2.92)

i=1 a;p

Thence, we can rewrite the eq. (2.91) also asviclio

Z(£:C.R)o, 1o =V(02|m) LWRBﬂBﬂ%}D
exf{ 0 D(—FX XF{% }ﬂw'@_z[zgn(%ﬂﬂ

N

n{zsm( >ﬂ@(LO)xex;{ ia—i£<a,go>+%(%)Tr(¢2)+iepa}. (2.92b)

j=1

We have, with regard the eq. (2.92), tlz%tt =0,079577110,078929, andg =157079631157560
T

and both the values are inserted in the columr8P3), and 0,079577 is very near to value 0,07801

that is in the column (*2,71828...) of the Table netyag theuniversal music system based on
Phi.

Here we recall thalT 0 G is a maximal torus, and in writing this formular fe(K), we assume
without loss thary lies in the associated Cartan subalgahr&ach S >0 is then a positive root of
G, and(.,) is the canonical dual paring.

The product of determinants associated to thelé@espacel O, , is
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el ¥ "AIRN
eLO,)= de(ﬁ g(l,one(E\ 7 j . (2.93)

Eventually these determinants, along with the momeag onO, which enters the argument of the
exponential in (2.91), will determine the invaridahction of ¢ which represents the Seifert loop

operator under localization at the trivial connecton M .
Taking the ratio between the determinants in theWohg expressions

. . \(a-ag, )2
T

(8,.a)>0
(2.94)
de(i
27T

[a]
_ (e )z g ] (279 2 -[<ﬂ+,¢>j
_1=(2 a , (2.95
”"j e ex{l P ]wﬂo%@sm 2p ) 4

we see thag(LO, ) is given by

Lo, )= [%TJ(AGA%)ex;{%T (a - A, )-i M} x (,8+|,_0L0(ﬂ+,¢)2 [Ezsin{w +’¢’>ﬂ_1 . (2.96)

P 2p
A; =dimG, A, =dimG,

As manifest in (2.92) and (2.96), neithe(ﬁ) nor e(LOa) depends upon the variabke which

parametrizes the Lie algebra 0f(1), . BecauseJ (1), acts in a completely trivial fashion ok,

the result could hardly have been otherwise. Yé$ tbbservation does have an important
consequence. We recall from (2.91) that the locatribution from{p,} 0O, /G to the Seifert

loop path integral is given by

2R, o =g rih ., 2| 92] 22 lfm)iefLo,)-

Vol(G,) 27 || 27

x exr{— ia-ig(a,@+ %(%)Tr(qf)+ iepa} . (2.97)

Since a enters the integrand of (2.97) only linearly ire thrgument of the exponential, we can
immediately integrate ovea using the elementary identity

J'_mdyexp(— ixy) =2m(x). (2.98)
Hence the integral ovea yields a delta-functior27(1- £p). Next, we use the delta-function to
perform the integral ovep, thereby settingp =1/¢. In the process, the prefactor &fz which

appears in the normalization of (2.97) is canceléedl the integral oveR[ ¢, [ R reduces to an
integral overg, alone,
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Z(&;C,R)

e ex’{_%{%(o) s )ﬂvm:(LGa)(%jAT “J. [dw]ex{_ ela+olg S

2l pas (22 il )

Here we have substituted the expressionse(@r) and €(LO,) in (2.92) and (2.96). Also we
emphasize that the products oy&rand S, in (2.99) run over distinct sets of roots whenewgers
not regular.

Because the integrand of (2.99) is invariant urtderadjoint action of5,, we can apply the Weyl
integral formula to reduce the integral frogpto ¢. In its infinitesimal version, the Weyl integral
formula generally states that ff is a function on a Lie algebma invariant under the adjoint action
of a groupG, then

o (0= i) loal[] (2" 6). - @200

Here [M| is the order of the Weyl group @&, and the product over positive roofs of G

appearing on the right in (2.100) is a Jacobianofageneralizing the classical van der Monde
determinant.
We want to apply the Weyl integral formula (2.16@¢ for G but for G,. The roots ofG, are

precisely those rootg, of G orthogonal toa in the invariant metric om”, such that
(B8,,a)=0. (2.101)

Consequently, when we apply the Weyl integral fdenta reduce the integral in (2.99) frog to
t, the Weyl Jacobian foG, conspires to cancel against the following proddgcactors in (2.99),

ﬂ(ﬂ,cﬂ)_zﬂ <,8+,¢>2=J'>|<ﬂm,qo>‘2, (2.102)

(B..a)>0 0

implying

Z(e:C, R){Oa,f exp{—%(no(o)—%(AG -4, )H |I\/t|vo|1(-|-)(\/15jAT x.[[d(ﬂ]ex;{—i<a+p[a],(ﬂ>+ 2;

[%jTr(qf)]x [E!){ZSin(@HZ_N Ij{Zsm(%ﬂ x (ﬂ+u>0{28in[<ﬁ+—2'¢>ﬂ_l' (2.103)

In passing to (2.103), we have performed a charigeaoables ¢ — £&¢ to remove extraneous
factors ofe¢. In the process, we introduce the renormalizegloy &, ,
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e =2 (2104
k+C

4

to absorb the explicit shift in the coefficient Elif(qaz) that arises frome(ﬂ) in (2.92). Also, as
hopefully cIear,|Ma| denotes the order of the Weyl group@f. If G, =T is abelian, therM, is

trivial and |Ma| =1. We now make two further substitutions to relde formula in (2.103) to the
empirical result in (2.68). First, we rotate thentowur of integration from¢ =¢xR to txe 4
Second, we make a change of varialges i¢ . Hence

coros{-nt U ) oo

r

[%jTr(gf)]x ﬂ[zsw{@ﬂzNH{ZSW{wﬁﬂ (AEL(J{Zsin»{w*—z’@ﬂ_l. (2.105)

Let us now interpret our result (2.105) fZl(g;C,R)(Oa,G in light of the character formula. This

Z(&;,C.R),,

interpretation is slightly more straightforward whe is a regular weight oG , so we specialize to
the regular case first. Whem is regular,G, =T , |Ma| =1, and ,0["] reduces to the Weyl vectgr

itself. Also, the product over root8, satisfying(ﬂ+,a)>0 in (2.105) is simply the product over
all positive rootsf >0 of G. As a result, the final factor in the integrand®f1L05) reduces to the

Weyl denominatorA,,
A go):ﬂzsinr{@j. (2.106)

Thus for regular weights,

e exr{_%%( )jVOT(T)( jAT xjﬁxe(o) [dd@ exr{—(a *og) _é

Z(&;,C,R

r

[ jTr (7))~ r!){zm{ HZ ﬂ{ZSIn{%ﬁﬂl a regular.  (2.107)

The measurédw] in the contour integral is invariant under the \Mgnpup M of G . Moreover, the
integrand of (2.107) can generally be decomposetsasn of terms, each of which transforms in a
one-dimensional representation Mf. Then since[dqo] is Weyl invariant, only the Weyl invariant

piece of the integrand actually contributes toitttegral overg.

SinceM s generated by reflections in the root lattice3f the expression in the last line of (2.107)
is also Weyl invariant, as it arises from a prodmatr all positive rootg3 > @f the even function

)= 2sn{ B2 | 2o L2 0= 1= 0. 2a0n
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So in the integrand of (2.107), we are left to cdasthe factor

~(a+p.9)

(2.109)

By construction, the Weyl denominatoAp(qo) is alternating underfM. Therefore, only the

alternating piece of the numeratoexp{—(a+ p,¢>] in Sa(qo) actually contributes to the contour
integral overg in (2.107). We immediately recognize that altentapiece to be

(a+p.p (wilar+p).- : AG -Ar)i2
A[ ] |M|2( 1)"e ||Aa+p( %Aﬂp . (2.110)

wiM

Without loss, we replac§, (go) in the integrand of (2.107) with the Weyl-invaridnnction

1 (-2)e2)2 A (g)
S =L ) 2.111
(@) M A (2.111)

Via the following character formula

0T, (2.112)

we finally obtain the following result for the coittution of {p,,ﬂ} 0O, /G to the Seifert loop path

integral,
_ i 77 1 (- 1)(%‘“”/2( 1 TT
Ca16" ex{ ,7(0)}|M| vol(T) livP g

g 52 o2 e

(2.113)

Z(e,C,R)

As claimed, all dependence on the weighthas been subsumed into the charactgr, which
represents the Seifert loop operator under lodadizaon O, /G .

Now we decompose the roofs of G into two sets, consisting of roofs, for which (,8+,a)¢ 0
and roots 3, for which (3,,a)=0, just as in (2.102). The set of roofs, is empty whena is
regular, and the set of roof3, runs over all roots whear vanishes. The Weyl denominatéy, in
(2.106) then factorizes as a product over each set,

A (¢)= [(M >Ozsinr{<ﬂ+—2’¢’>ﬂ [E ﬂozsin{@ﬂ . (2.114)
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e Rﬁo o2l s (4]
sl (5 o5
"ex{—;—gwfﬂxmzsw%“ﬁ{m%%ﬂ'

Once again, we wish to tease the charactgr out of the integrand in (2.115). To do so, let us
introduce the following function o,

B, (¢) =" DﬂiZsin%{wu—z’@j:l . (2.116)

in terms of which we write the factor in the secdind of (2.115) as

- {2l o

Only the Weyl-invariant component &, (@), or equivalently the alternating component&f{¢),
contributes to the contour integral over. We have thaBa(qo) satisfies an identity which extends
the denominator formula in (2.106). According tstextended denominator formuIBg(qo) can be
rewritten as an alternating sum over elemenit®f the Weyl groupM,, of the stabilizeiG, , so that

txe

(2.115)

B,(@)= Y (-1)“e" e (2.118)

wiM,,

Given the identity in (2.118), the alternating cament of Ba(qo) is easy to evaluate. Clearly,

AB, (@)=L 3 (1B, (W)= L 3 3 (cafrdgitean s Loy ) My

M| M &5, |M| Wi, M|
(2.)19

In complete analogy to (2.111), we apply the idgnti (2.119) to symmetrizsa(w) underM,

Sa(co) 1ot )2 ﬁ, (2.120)

M

The sign on the right in (2.120) again arises ateeflection from—g¢ to ¢ in the argument of
A,.,- Via the character formula (2.112), the contotegnal in (2.115) then becomes
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Z(e.C, R)‘o = exp{ i7T,7 (0 )} 1 (—1)(AG—AT)/2(. 1 jAT )

M voIT) livP

Lt G gl 2] 2] o

exactly as in the regular case (2.113). So regssdd&whethewr is regular or irregular, the Seifert
loop operator reduces to the charaoteég under localization or{paﬁ}DOa/G and subsequent

pushdown to the trivial connectidf} on M .
We use the localization formula in (2.54) to redtive Seifert loop path integral over the infinite-
dimensional spacé\, =Ax&.0, to the integral of an appropriate de Rham cohogylciass

[d] on each smooth component,(C,a) of the moduli spaceit(C,a). Schematically,

Z(g;C, RX'/“O(C'H) :I

Mo(c,a)[dﬂ]' [dulORM,(C,a)), (2.122)

where the class[d,u] generally depends upon the discrete parame(tm:ﬂsa) which specify

respectively the degree of tHg-bundle, the Chern-Simons level, and the highestiweof the
irreducible representatioR .

We now possess all the ingredients required toyajygl non-abelian localization formula in (2.54)
to compute the cohomology clafi] in (2.122). Immediately,

(27z) dp| da )5, (J“O(C'a)'fg‘)xex +ianO -ia +iga
Z(E C R) —)|,f hox My (C,0) [ p}[zﬂ} eHo(Mo(C'O').ff) F{QA © & ]
(2.123)

Here the prefactor involving arises for the same reason as the correspondafigcpor in (2.80).
Otherwise, the semiclassical contributionZ{e;C,R) from J(,(C,a) reduces to an integral over
the abelian Lie algebré, TR R of the stabilizerH,,, as well as an integral ovel,(C,a) itself.
Our main task here is to evaluate the ratio of vqant Euler classes associated to the bundles
({5’,{1") over MO(C,a). Using the multiplicative property of the Euleas$ and the identification
in the following expression

Er=60WN, (2.124)

we immediately factor the ratio in (2.123) as

&, W, (C.a),)

e, ((C.)&) _ qu{eﬂo (4,.,)
&, W6(C.a).&) 7| &, U6,)

:ID 1 . (2.125)

In obtaining (2.125), we observe thtand & are defined in the following expression
&=0HzadP)o(e0eY)),  &=0Hi(zadP)o(ene)), (2125)

as equivariant bundles ai, which pull back toA/(O(C,a), implying that the ratio of Euler classes
pulls back as well.
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Evaluating the ratio of equivariant Euler classesoaiated to, and {, on J{, turns out to be
fairly tricky. We have that this ratio is

&, (6.&)_ [ im s inc, | et @, __nAg
- { 10+ Zoot)+ g e}ug il g M0 2z

Herew, for j =1....dim. M, are the Chern roots of the complex tangent buoidlé(,, so that

dim¢ dime My

u1+wj), NVAE []@ @12

According to the general description in the follogiexpression
dimE |<a' ¢/>
M E)= A lie 2.127b
&, (M. E) ﬂ[ o } ( )

the equivariant Euler class df, is given by the formal product

e, (#,(C.a) X, )= u ﬂ(_ itp+(B,u)). (2.128)

With regard the computation of the equivariant Ealass of the bundl&V, , we obtain

&, (#(C.a). ;)= ex;{—Lg’@j ﬂ(ﬁi> sinr{ﬂﬁé’ “>j . (2.129)

where p is the usual Weyl vector. Combining the formulag2.126) and (2.129), we see that the
ratio of equivariant Euler classes in (2.125) beesm

N )
<o oxf Ze )+ 7o) 'ﬁ%m—/pﬂ @1

The ratio in (2.130) depends only on the coordinatenot a, in the Lie algebra, RO R. Thus

we expressZ(s;C,R)‘ w(ca) Solely as an integral over the classical Seifedpl moduli space

M,(C,a),

1

Z(E;C,R)‘mo(c,a)=|z(G)|eXF{ _’70 j I (Ca exr(277£a+,0, l:HZSlnh x

dim¢ M,
xqﬂl:eX[{Q+r&5’cl(A/l0)+lm +—)®JD |_| W} (2.131)
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When obtaining (2.131), we have used the sympleleitomposition
Q, =qQ+27E(a,u), A=alk. (2.132)

To make the cohomological interpretation of (2.18f0re transparent, let us rescale each element
in the cohomology ring ofit,(C,a) by a factor(27z) *'?, whereq is the degree of the given class.
For instance, the Chern roaig and«, each of degree two, scale by

@, Hiwj, ul—)iu. (2.133)
27E 2TE

To preserve the value of the integral owﬂg(C,a), we simultaneously scale the integral itself by
an overall factor(272)", whered =dim. M,(C,a). After this change of variables to clear away
extraneous factors of, Z(g;C, R)( #,(c.a) DECOMES

1 garem

Z(e;C, R)‘Mo(c,a) = mex;{— iéleo(o)j x J'%(Cya)mﬂfﬁ, w)x

@]A(MO)}. (2.134)

ol g,

2 r
Also here we have thatg =1,570796011,5756097, zi =01591549710159649217
Vg
% =0,02533029510,02562136 values that are inserted in the columns (*1,378)/Pigreco)

and (*1,375) of the Table regarding tineiversal music system based on Phi

The appearance of thé-genus of the orbi©O_, in (2.134) is no accident. We have a holomorphic
fibration of complex manifolds

210, - M,(C.a), A =% (2.135)

tq

My

The fibration of M,(C,a) over M, in (2.135) implies the relation

A, (C.a))= A(0_,)CA(G,).  (2.136)

We note that the first Chern class.t(C,a) is given by the sum

¢ (4(C.a))=dc (M) +c(0.,)=dc )+ D (Bu) =dc (M) +2(p,u). (2.137)

>0
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Using (2.132), (2.136), and (2.137), we then rea/vﬂ(g;C,R)‘MC’a) in terms of classes defined
intrinsically on 4,(C,a),

2060 R) e = gy O = 5 O [y o Ab(C.)00

z(G 2
H . (2.138)

1 . n
T Q,+= +i
(o2 dsblea) i
The integral over(,(C,a) in (2.138) should be compared to the following resgion for the

2TE

partition functionZ(g) ,, :

Z(e)‘% :@exp{—%no( Eéxp{—Q M) +i 4772 } (2.139)

To recast the result (2.134) entirely in termsepive apply a theorem of Drezet and Narasimhan
which determines;, (i, ) in the caseG = SU(r +1) to be

c()=2r+0Q,  Q =#Q, thence ¢ (M) =2(r +1)#Q. (2.140)

Since ¢, =r +1 as well, the local contribution from,(C,a) to Z(s;C,R) becomes

Z(£:C.R) 0 |Z(1 Xexp{ I;THO(O)j e H B.u
mﬂ{ex;{z—n&(g +i %Te)j D&(Jl/lo)} . (2.141)

and all dependence dn has been absorbed into the renormalized cougling

Also here we have thag =157079601,5756097 Zi =0159154970159649217 values that are
V4

inserted in the columns (*1,375) and (*1/Pigrecé)tlee Table regarding thaniversal music
system based on Phi

According to (2.122), the integrand in (2.141)tie tlasgdu|0H(M,(C,a)) which describes the
local contribution fromA(,(C,a) to the Seifert loop path integral(e;C,R),

gatpu)

[au] = |(G)|exx{ ';’no(O)ijﬂm@ mﬂ{ex{z—;(mi%e)jd\m)] (2.142)
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Like the pair of expressions in (2.138) and (2.13% integral overMo(C,a) in (2.141) should be

compared to the corresponding localization resulthie partition functiorz(g)‘ My o

Z(e)‘MO:|Z(1G)|exp(—%7/70(0)jj%A(MO)@X;{Z; (Q+i%@)] (2.143)

r

The Seifert loop clasw(C) ,, is then the element ofi “(,) such that the pushdowa[dy] is

given by the product oWR(C)‘M0 with the integrand of the partition functioﬁ(s)‘M0 in (2.143),
such that

Z(£:C.R) :@exp{—%qo(o)jx jMOWR(C)\ i E@x;{z—;(g +i%@)} [AM). (2.144)

Comparing the Seifert integranftiz] 0 H™(M,(C,a)) in (2.142) to the preceding formula (2.144)
for Z(£;C,R),, , we deduce

W(C)y, =aS, (), S(u)= ) ﬂ(ﬁ,u>- (2.145)

Thence, we have that
gatpu)

W, (C) ., = qumﬂ</3,u>. (2.145b)

Recycling the result in the following expression

1

W) =, (u)=renly ), n=chly). (21450

we find the general description for the Seiferjdatass,
We(C),, =chi(y). (2.146)

Equivalently,

Z(e:C.R) ,, = |Z(lG)| exp{—%no(o)jj%cm(%)@x;{zl; (Q+i%@ﬂ [A(M,). (2.147)

Also here we have thag =157079601,5756097 Zi =0,159154970159649217 values that are

T
inserted in the columns (*1,375) and (*1/Pigrecd)tlee Table regarding thaniversal music
system based on Phi
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The Todd class and thé-genus of a complex manifold generally satisfy the relation
Td(x)= exp{%q(x)} AX), (2.148)

This identity, applied toA(#,) in (2.134), implies that the contribution fro, to Z(e;C,R)
can be alternatively presented as

Z(e;C,R)‘M0 =1 exp(—%fyo(o)jj'm0 cm(‘vp)@xr{on +i#

Z0) e} Td(4t).  (2.149)

Also here we have tha;tz— =1570796015756097 i =0,02533029510,02562136 values that

At
are inserted in the column (*1,375) of the Tablgarding theuniversal music system based on
Phi.

3. On some equations concerning the cusp anomaly anateégrability from String theory.

[3] [4]

The bosonic contribution to the coefficient of tBatalan constanK comes from the integral term
in the following expression, concerning the bosaunset (“diminuzione”, “decline”)

52
WZBsunsatmX = _i||:2-:1V :|(2+02 -241+ U2 + 8wl |:%(1+ /1+ ﬁzr}j +

8
jdu . 1+|/ )arctarhu . (3.1)
2772l«/1+v +UZ + 1+ L+ 0% 2 I
whose small expansion reads
8(1+|/ )arctarhu ( 102 1A4+l|}6_ 61 l78+...jK+
Nl”" + 0 4T+ L0 )UJ 2° 32 64 1024

“dpre Lol M pe, (3.2)
64 12¢ 6144

We note that this expression can be related wghRhmanujan modular equation concerning the
superstrings and with the equation regarding thenftzo-Nardelli model. Indeed, we have that:
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8{1+v?arctarhu ( 150 7 94+ 7 5o - 61 s +___jK +

J.d |.\/1+|/ +U2 +\/1+ 1+ )le 64

64 1024
VIR AP L

"84 T12¢” 14 T
" COSTDW gy | —
antilog— COShm s
L t*w'
1 e ¢ gqiw)
1 =
3 o0 10+112 ) [(10+742
4 4
1
.[dzex\/_{ % ggﬂngUTr(G//vaa)f((0)__9#1/6/1@1/40}:
:jziz [d*x(-G)"?e 2q’[R+4a DD — —‘H‘ mT QF| )} - (3.2b)
0 10

Note thatl024=16%x64 and 6144=96x 64

Similarly, the fermions contribute only through thetegral U} in the following expression
concerning the fermionic sunset

o, =g S (S [ {7 )30 v 02

8rr

and we observe that their net effect is to simpiginge the sign of the coefficient of the bosonic
contribution toK term in (3.2). Using the following expression

(4 2 &
f, = A0 +£(1+g2)3/2(%j where f, = () (3.4)

Vi+02 2

to obtain f,,, we need to divide (3.2) byl+ ¢? , while replacingy — ¢, and change the overall

sign to account for the fermion contribution. Theref we find the following integral
representation which can be expanded to any ondeér i

i (0)= jl 8V1+ ¢? arctarhu ( 3, 3, 81

1+—£ -/ +—€8+...jK. (3.5)
[\/1+£2+u + 1+ L+ 02 2 IZ

32 1024
Also this expression can be related with the Ranga@numodular equation concerning the
superstrings and with the equation regarding thenfao-Nardelli model. Indeed, we have that:
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£ ()=~ 1 8V1+ ¢? arctarhu ( 1+i€4_3€6 81 81 e, jK:
[«/1+£2+u + 1+ L+ 22 IZ

32 1024
j © COSTEXW oW dx
0 coshrx \]142

712

antilog

1 e +"q,(itw)

el ]

I dzsx*/_[ 167G 8 g”pg””Tf(GwGpa)f (w)—lg”vaﬂwvw} )

0

j jdlo G)" ‘Zq’{R+46 POHP - —\H "~ glOTrQ 2|2)} . (3.5b)
10

O

The fact that the fermionic contribution simply olgas the sign of the bosonic contribution to the
coefficient of the Catalan constant was first osdrfor the ordinary cusp anoma(ly = O).

A direct expansion of the integrand in equatior2)8ads to divergent integrals at sufficientlyhig
orders inv™. A consistent expansion can be constructed biyusing the identity

arctarhu _ 1 1
——=\d 3.6

u J- 1-u®y? (3.6)
to evaluate in closed form the integral in equation (3.2). The integrand of tesulting y integral

can be expanded at large the integral of each term being finite. The alosenf divergences
indicates the consistency of this procedure. Is tay we obtain

8(1+ 02)arctarhu —os (6 772)

duy = 3.7
'[0 lJI\/1+|?2+u2+\/1+ (L+02 2 J vt 3y &)

1 161 [ nzjl 104 1
—+|4- +

A

Also this expression can be related with the Ranpanumodular equation concerning the
superstrings and with the equation regarding thenftzo-Nardelli model. Indeed, we have that:

8(1+ v 2)arctarhu

J'ldu- -2+(6 772) ! E 1 +(4_ij“i4 1041 |
’ [J1+|)2+u2+\/1+ 1+v2)u] vt 3V 2 Jv* 450°
* COSTXW g
antilog™ COSh”( .132
1 e7w%-(ltW')
35 =
Iogl\/(10+11\/§j +\/(1o+ 7&}]
4 4
26 ey, e _l H =
= -[d X\/_{ 1676 89 gTr(6,,G,,)f (@) 59 6,,@#}
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0

G)"? ‘2“’{R+46 Do+ P - —‘H ‘ lOT 0 2|2)} . (3.7b)

O 10

The asymptotic Bethe Ansatz expansion forcan be written asg = VAl 477)

23 2 2:-2
f poa 1(2772 29 aa: (ao) 29°% : (a°)+292d7— ° =+ 34 + 12 . (3.8
Joz+1] 7+l 7 +1 2560° 640" 32

Here a, =1+ ¢* . All the pieces in this formula can be analytigalbmputed at largé . The first
terms in this expansion are

(3.9)

912

fABA_ﬁi /32 7)1 2321 161204161 (3614, 7°)1
2 37 # a5 57 1575 ¢ |1575 96)¢°

The only relevant contributions to th& coefficient arise from the last term in parenthési(3.8),

i.e.—( 56+ 36+ 12j and a term ik
256/ 640° 32

1( 5 1 5
F=..+— + + +... 3.10
92(51266 32/ 19zezj (3.10)

In the lecture of Riccardo Ricci “Cusp anomaly amegrability from string theory” (16.04.2011),
from the partition function we can extract the gafized scaling:

f,=-K +€2(8Iogzﬁ -6log/ —§I092+1le +€“(—6Iong —glogf +3log2log/ —%I0922+
3 233
+—Io 2+ —K-=—"|+0lr°), 3.11
g 32 576) ( ) ( )

that is in stupendous agreement with the Bethe-#&nz&diction.

While, in the lecture of Benjamin Basso “Strong @kng Expansion of Cusp Anomalous
Dimension in PlanatV =4” (16.05.2008), with regard the weak coupling exgan of cusp from
Beisert-Eden-Staudacher equation (BES equationpave that the BES equation is

a(t)=ett (K(th,O)—4gz jo+°°dt'K(2gt,2gt')a(t')]. (3.12)

Thence, the solution at weak coupling is:

_ t ® 2ot
alt)= 5 [K(2gt,0)—4gz [ at K(th,th)er .

K(29t',0)+0(g4)] (3.13)

45



while the weak coupling expansion of the cusp arlpiisa

_ 2 — 2_& 4 ﬁ' 6 _
rcusp(g)_89 U(O)_4g 37729 + 457749 630776"—4(3)

887 4
T+—1P0%+4 04 olg*?). 3.14
v3f STt S a0 g +0la?). (319
With regard the strong coupling expansion from ALST correspondence, we have the following
expression

3"7‘72 +0(1/g). (3.15)

Meol0) =29 -

The integral equation of the strong coupling expams

=352, @)

n=1

becomes a finite-dimensional matrix equation fer thefficientss,(g). With regard the numerical
result of the matrix equation and extract the arspmalyr,,.,(g) = 49°s (g), we have that

f(g) = 2I"..,(g) = (4.000000¢ 0.00000g - (0.661907+ 0.000003) - 0'0232; 00001, = .17

The first two terms are in remarkable agreemertt Wie string theory result, and we have that

0.661907= 3in2 : 0.0232="7 (3.18)

T

We can to observe that 0.0232 is very near toalewing values: 0.02349 (system/2.71828) and
0.023292 (systemx1/ 1) where “system” is the column where are definextalues of the musical
system based on Phi (1.618033988); i.e. sum ofrexqts of Phi.

Thence, we can rewrite the results of (3.18) atstobows:

0661907="12  00232=(systerx1/77)  (3.18b)
7T

With regard the strong coupling expansion of cuspnf BES equation, analytically the strong
coupling solution was first analyzed at leadingesrend then in a more systematic approach, we
have the following result

Mg+ 6)=20lL-c,g2 -cg™ - (c, +2¢2)g - (c; + 23,6, )g™ +

—(cﬁ +%6c2c4 +54c + 2503)9‘6+ O(g‘7)], (3.19)

46



where the expansion coefficients are given by
3In2 1 27
= =—-¢(3),

_ C:—K, -
41T 2 16 & M

_ 21 _ 43065 _ 1605
C4 - 21077.4 ﬁ(4)' CS 221]75 Z(S)) CG 215]7.6 ﬂ(G), (320)

with the special functions

Z(x)=>"n" = Riemann zeta function; 8(x) = ¥"(-1)"(2n +1)™ = Dirichlet zeta function

nx1 n=0

K= ,8(2) = Catalan’s constant. (3.21)

In the Bethe ansatz approach, the cusp anomalmendion is determined by the behaviour around
the origin of the auxiliary functionv(t) related to density of Bethe roots

Mouss(9) = ~8ig”lim 1)/t (3.22)
The functiony(t) depends on ‘t Hooft coupling and has the form

vt)=y.(t)+iy(t), (3.23)

where y, (t) are real functions of with a definite parityy, (t t) =y, (t) For arbitrary coupling the
functions y, (t) satisfy the (infinite-dimensional) system of intgigequations

[ 2 =L [ - S -0, waa

0 1t T 1|75 - 1_at/ls) ~gilesl _1

with n>1 and J,(t) being the Bessel functions. These relations atévatgnt to BES equation
provided thatyi(t) verify certain analyticity conditions. The equai$o(3.24) can be significantly
simplified with a help of the transformatigrt) — ' (t):

r(t)= (1+ | cothﬂ M) =r.(0)+ir ). (3.25

g

We find from (3.22) and (3.25) the following repeasation for the cusp anomalous dimension
Mus(@)=-207(0).  (3.26)

It follows from (3.23) and (3.24) thaﬂ'i(t) are real functions with a definite parity,
I, (-t)==r,(t), satisfying the system of integral equations

[[dtcodut)r_(t)-r.()]=2; [ disin(ut)r_(t)+r.(t)]=0, (3.27)
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with u being arbitrary real parameter such thdt<u<1. Since I‘i(t) take real values, we can
rewrite these relations in a compact form

[Cdtfeur (1) -er,()]=2. (3.28)

We have the following non perturbative scaig,, in the AJS/CFT. Its dependence on the
coupling g follows univocally from FRS equation and it has fbllowing form

_8J2 . 8g _ - (7774 .
My == 5 €= e R{jo W(n(t)ﬂr_(t))} . (3.29)

wherer, (t) are solutions to (3.28).

Also this expression can be related with the Ran@numodular equation concerning the
superstrings and with the equation concerning tderfbo-Nardelli model. Indeed, we obtain:

. j(t-77/4)
Mye) =%e‘”3 —8—ge"13 Re{jo &(R (t) +il_ (t))} =

T t+i7m

J- » COSTEXW o

dx| >3
antilog™ COShm Y142
A t2w

1 e 4 @V(ltw)

=3 Iogl \/(lmilﬁj* \/(10+47 &j] -

= -[d*x|g { 299" T1(G,,G,, )f (co)-lg”“aﬂ@m} =

j jdm G)"” ‘Z‘D{Rma POHP - —‘H *- 1°Tr (£ )} . (3.29D)

0

1676 8

Furthermore, we have tha% =254647912,5493902 value that is in the column (*1,375) of the
T

Table regarding theniversal music system based on Phi

To fix the zero modes, we have to impose additi@oalditions on solutions to (3.28) and (3.24).
These conditions follow unambiguously from BES dmumand they can be formulated as a
requirement thay, (t) should be entire functions afwhich admit a representation in the form of
Neumann series over Bessel functions

V- (t) = 22 (2n _1)J2n—1(t)y2n—1 ; Vi (t) = 22 (zn)‘]zn (t)y2n ., (3.30)

nz1 nz1
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with the expansion coefficientg,,, and y,, depending on the coupling constant. This implres i

particular that the series on the right-hand sitl€3®B0) are convergent on the real axis. Using
orthogonality conditions for the Bessel functiows, obtain from (3.30)

o dt o dt
Vona = o TJzn—l(t)y—(t)' Von = ,[o T‘]zn(t)y+ (t) (3-31)

Here we assumed that the sum owrein the right-hand side of (3.30) can be interclehgith the
integral overt. We will show below that the relations (3.30) §881) determine a unique solution
to the system (3.24). The coefficiept plays a special role in our analysis since it uheies the

cusp anomalous dimension (3.22),
Mas(9)=89°%(0).  (3.32)

Here we applied (3.23) and (3.30) and took intcoant small-t behaviour of the Bessel functions,
Jn(t):t” as t — 0. Let us now translate (3.30) and (3.31) into proee of the functions’.‘i(t), or

equivalentlyr(t). It is convenient to rewrite the relation (3.25) a

)=o) “lig" =V(it)\/§k|_i|:_4]g(k_i) @39

sin(t)sin(ﬂj t -4k
49 4

We note that% =0,785398010,786937, value that is inserted in the column (*1/1,376)h& Table

concerning theiniversal music system based on Phi.

Since y(it) is an entire function in the complex t-plane, wadude from (3.33) thak (it) has an
infinite number of zeros (it,.,.) = 0, and poles[ (it) = 1/(t -t ,..), on real t-axis located at

zero poles)

1 1
tzeros = 47@(€ - Zj J tpoles = 4lg£ ) (334)

where/,/'0Z and('# 0so thatl'(it) is regular at the origin (see. Eq.(3.22)).
To understand the relationship between analyticapgrties ofr(it) and properties of the cusp
anomalous dimension, it is instructive to sligrglynplify the problem and consider a “toy” model
(“modello giocattolo”) in which the functior(it) is replaced withl)(it). We require that
r)(it) satisfies the same integral equation (3.27) afiideigfollowing (3.26), the cusp anomalous
dimension in the toy model as

ri)(g)=-29r)0). (3.35)
The only difference compared it) is thatT (it) has different analytical properties dictated by
the relation

o) i) = y<tov)(it)t+T”9 . (3.36)
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while y(“’y)(it) has the same analytical properties as the funcp'r(jn). This relation can be
considered as a simplified version of (3.33). Imjeecan be obtained from (3.33) if we retained in
the product only one term witk=0. As compared with (3.34), the functidTﬁt°y)(it) does not have
poles and it vanishes far=-7g.

Let us multiply both sides of the two relations {8.24) by 2(2n-1)y,., and 2(2n)y,,,
respectively, and perform summation owee . Then, we convert the sums into the functions
v, (t) using (3.30) and add the second relation to tisedine to obtain

1’1:[:%(”(;)_);/(({;)&» - (337)

Since yi(t) are real functions of and the denominator is positively definite foKt <o, this
relation leads to the following inequality

Y, 2 j:’%(y_(t))2 >2)2>0. (3.38)

Here we replaced the functiqn_(t) by its Bessel series (3.30) and made use of tthegonality
condition for the Bessel functions with odd indicége deduce from (3.38) that

0<y <> (3.39)

N

and, then, apply (3.32) to translate this inequatfito the following relation for the cusp anomadou
dimension

0<r,.(0)<4g®. (3.40)

Notice that the lower bound on the cusp anomalooeemsion, Fcusp(g)zo, holds in any gauge
theory. It is upper bound,(g)<4g’® that is a distinguished feature of = theory. Let us
verify the validity of (3.40). At weak couplinﬁcusp(g) admits perturbative expansion in powers of
g2
1 11 73
r =403 1- =P+ —7* 4—2(—77‘5+4 Zj  +...[, (341
cusol ) g{ RS bt L6 (3.41)

while at strong coupling it has the form

3n2 , K (BKInZ 277, j s »
r =2qg|1- - - + +0 . (3.42
°“S"(g) g[ 41T g 167729 647 20487 g (g ) (3.42)

with K being the Catalan constant. It is easy to seethigatelations (3.41) and (3.42) are in an
agreement with (3.40).

We note, with regard the egs. (3.41-3.42) t%\f:-éu: 0,24444110,243177,
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67—33c=0,115873015]0,11610]; %=0,013183593]0,01355179 values that are inserted in

the columns (*1/1,375 — *1/Pigreco) of the Table@erning theuniversal music system based on
Phi.

Let us now construct the exact solution to thegrakequations (3.28) and (3.24). To this ends it |
convenient to Fourier transform the functions (3.23d (3.25)

Fk)=[ e, )= e ). @49)

According to (3.23) and (3.30), the functigr{t) is given by the Neumann series over Bessel
functions. Then, we perform the Fourier transfonmboth sides of (3.30) and use the well-known

fact that the Fourier transform of the Bessel fiomct] (t) vanishes fork® >1 to deduce that the
same is true foy(t) leading to

y(k)=0, fork?>1 (3.44)

This implies that the Fourier integral fqvl(t) only involves modes with-1<k <1 and, therefore,
the functiony(t) behaves at large (complek)as

yt)=€', forl] - . (3.45)

Let us now examine the functiofi(k). We find from (3.43) and (3.33) thdt(k) admits the
following representation

. t LIT
=) [ Slm{49+|4j
k)= —e“

() Lo 21 sin t sin(nj
49 4

Here the integrand has poles along the imaginais/att = 47ign (with n=x1,+2,...). Taking into
account the relation (3.45), we find that the dbuotion to (3.46) at infinity can be neglected for

k*>1 only. In this case, closing the integration comtouo the upper (or lower) half-plane for
k>1 (or k<-1) we find

mt). (3.46)

I:(k)k2=>16(k -1>c,(n,g)e ™Y +6(-k -1)> c_(n, gl . (3.47)

nz1 n=1

Here the notation was introduced for k-indepen@epiansion coefficients
c,(n,g)=Fagy(+ 47ign)e*™, (3.48)

where the factoe™™ is inserted to compensate exponential growtty(a:‘47ign)= e at large
n (see eq. (3.45)). We recall that in the toy ma@e86), F(it) and £(it) are entire functions

51



of t . At large t they have the same asymptotic behaviour as theseBeRinctions,
F)(it) = )t(it) = e . Performing their Fourier transformation (3.43} find

j;(toy) (k) = 1 (toy) (k) =0, for k*>1, (3.49)

in a close analogy with (3.44). Comparison witi{3.shows that the coefficients (3.48) vanish in
the toy model for arbitraryy and g

c!)(n,g)=c'")(n,g)=0. (3.50)

The relation (3.47) defines the functidﬁﬁk) for k? >1 but it involves the coefficients, (n,g) that

need to be determined. In addition, we have to tcocisthe same function fok®> < .1To achieve
both goals, let us return to the integral equati@27) and replacé, (t) by Fourier integrals (see
egs. (3.43) and (3.25)

M) =] dkcodkt)lr(k),  r(t)=-]" dksin(ke)7(k). (3.51)
In this way, we obtain from (3.27) the followingmarkably simple integral equation fEl(k)

fw%(s)“ﬂu):—& (-1su<1), (3.52)

where the integral is defined using the principale prescription. Let us split the integral inr6@.
into k? <1 and k® > 1and rewrite (3.52) in the form of singular intdgeguation for the function
(k) on the interva-1< k <1

F(u)+7—17j_11% =gu), (-1su<1), (3.53)

where the inhomogeneous term is given by

du)= —1[2+ [ Ak (k) , [ dk':(k)J . (3.54)

VA = Kk—u 1 k-u

Since integration in (3.54) goes ovkf > , the function F(k) can be replaced in the right-hand
side of (3.54) by its expression (3.47) in termghaf coefficientsci(n,g). A general solution for

the integral equation (3.53) fdr(k) reads (for-1<k< }

I:(k)=£¢(k) 1 (1+ kjmjl duqa(u)(l—ujl/4 _@(H kij (3.55)

“om\1-k) 1 u-k \1+u m\1-k) 1+k’

where the last term describes the zero mode caiitsib with ¢ being an arbitrary function of the
coupling. We replacega(u) by its expression (3.54), interchange the ordeintgration and find
after some algebra
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= s 2 (1K) ¢ Lp=dp(p)(p-1)" o
255 {“m*zhw(p—u] A=y 50

With regard the egs. (3.55-3.56) we have ﬂg{: 0,45015810,45085;

7—T: 0,31830910,318322 %T— 0,159154910,159649 values that are inserted in the columns

(*1/Pigreco), (*1/1,375) and (*1/Pigreco) of the bla concerning thauniversal music system

based on Phi.
A
Furthermore, we note that the eq. (3.56) multiphed 435 can be related with the Jormakka’'s

eqguation connected with the Ramanujan’s equatiocemming 7 (1.18), i.e.
~, k%=1 - = C\V4
T E (k)= ﬂ3(1+kj 1+L+1I Ao (p)( p=1)" g2 1) |,
42 1-k 1+k 2% p-k | p+1
= dzxe_ﬁz(Y22+Y3 dy - d2 y2+y3 \/_\/_ﬂ
j ol ¥ < L o) -
=2 2l2) Jaxe % [axe * T = iﬁ@ Vo) ae " Jaye = -
NE J3V2 -

- L Banfize) [ = L Bl nfizg) oyt = L Blni(ca
:|:jd2Xe_ﬁ2(Y2 %\/_(\/_,3)_1} T 1

—BZXW:

N non 2 cosTx’ dx+j: 3 s.inn;(2 dxj :i(é_s;n nzj; (3.56b)

sinh7x sinh7x 16

We are now ready to write down a general expredsiothe functionr(t). According to (3.43), it
is related toI:(k) through the inverse Fourier transformation

= [ dke™ T (k)+ [ dke™T(k)+ [ dke™F(k), (3.57)
where we split the integral into three terms sirfc(k) has a different form fok <-1-1<k<1

and k >1. Then, we use the obtained expressionsifti), egs. (3.47) and (3.56), to find after
some algebra the following remarkable relation

r(it): fo(t)‘/o(t)+ fl(t)vl(t)' (3.58)

Here the notation was introduced for
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=1 e o) e s ng) o) |

1
o) 4mg -t 4/mng +t

f,(t)=-c(g) + Z4mg{c+ (n, g)%éng) +c(n, g)m} . (3.59)

n>1 -t 4rmg+t

Also, V, andU; (with n=01) stand for integrals

Y/

n

(x)= %J‘:du(h uf’ "M L-u) e U (x)= %Jj dufu=2)™*(uF2)"“ e (3.60)

which can be expressed in terms of Whittaker fumstiof £'and 29 kind.
Replacingl’(it) by its expression (3.58), we rewrite these refatim equivalent form

folt, Mot )+ £t ML) =0, ¢, :470(6 —%j (3.61)

Let us substitute (3.58) into the expression (3f8)the cusp anomalous dimension. The result
involves the function¥, (t) and f,(t) (with n=12) evaluated at = 0. It is easy to see from (3.60)

that V,(0)=1 and V,(0)=2. In addition, we obtain from (3.59) thaf,(0)=-1 for arbitrary
coupling leading to
Msl0) = 20[1-2F,(0)].  (3.62)

Replacing fl(O) by its expression (3.59) we find the followingatbn for the cusp anomalous
dimension in terms of the coefficientgnd c,

nx1

rmp(g)=zg{uzc(g)—zz[c.(n,gm(4mg)+c+(n,gm(4mg)]}. (3.69

The following remarkable relation

12 Myy0,2(270)
r(g :29{1— 2mg) M ALz } (3.63a)
p( ) ( ) I\/|—1/4,O(27g)

defines the cusp anomalous dimension in the toyeintm arbitrary couplingg > 0 At weak
coupling, we find from (3.63a)

3 1 1 5 11 3
rolo)= 27 - 1pgr - gt + 2 g - L pgr - 2 g7 ofg). (3630
9) S oY - gt e - et - g (¢°). (3.63b)

The series (3.63b) has a finite radius of convergémt= 0.796

Furthermore, the eq. (3.56b) can be related wighRhmanujan’s modular equation concerning the
superstrings and the equation regarding the Paluasdelli model, i.e.
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3 1 1 5 11 3
ro(g) =2 -2 g - L Pt + 2 rig - 2L g - 3 g7 4 0gf)=
')(g) S oY - gt e - et - oy (o°)
= COSTOXW ety
0 Coshm \/142

—n—zw' : W
1 e ¢ @ litw)

o7

1
- famefi] - ggwgwn(e,,vepg)f(qo)——gwamk

antilog

1/2 2®|:R+46 Do“D - _‘H ‘ 10T QF| ):| . (363C)

Let us replace fo(t) and fl(t) in (3.61) by their explicit expressions (3.59) arelvrite the
guantization conditions (3.61) as

Vy(4rmx, )+ c(gVi(4mx ) = Y [e. (n.g)A (n.x, ) +c.(n,g)A (n.x, )], (3.64)

nz1

where x, =/ —% (with ¢ =0,£1,£2,...) and the notation was introduced for

Ar(n, X() — nvl(47gxfpg(4mgr?; )):[V0(47g)(( pf(“'mg) . (3.65)

The relation (3.64) provides an infinite systemliokar equations forc,(g,n) and c(g). The
coefficients in this system depend Vg}l(47g>9) and U§1(4mg) which are known functions. We
examine (3.64) foix,|>>1. In this limit, for g =fixed we are allowed to replace the functions
V,(4rgx,) andV,(47gx,) in both sides of (3.64) by their asymptotic bebaviat infinity. We find
for |x,|>>1

-16 0
args) |16+ bx<0) (3.66)

1
Vo) |2 >0

where ellipses denote terms suppressed by powdr/s{gp@) ande®*! We divide both sides of
(3.64) byV,(4rmx ) and observe that fox, - —oo the first term in the left-hand side of (3.64) is

subleading and can be safely neglected. In the Ia@imimanner, one has
A.(n,x,)/V,(4gx ) =0O(1/ x,) for fixed n in the right-hand side of (3.64). Therefore, goinghe

limit x, - —oo in both sides of (3.64) we get
c(g)=0 (3.67)

for arbitrary g .
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Arriving at (3.67), we tacitly assumed that the sawer n in (3.64) remains finite in the limit
x, — —o. Taking into account larga behaviour of the functionsl*(47ng) and UZ(4rng), we

obtain that this condition translates into the daeling condition for asymptotic behaviour of the
coefficients at largen

c,(n,g)=o(n"*), c_(ng)=oln*). (3.68)

These relations also ensure that the sum in theesgion (3.63) for the cusp anomalous dimension
is convergent.
In the following Table, we have showed the comparisf the numerical value df,(g)/(29)

found from (3.64) and (3.63) fom, = 4@ith the exact one for different values of the ging
constantg

g | 01 | 02 | 04 | 008 | 10 | 12 | 14 146 | 18 |

We note that there is the mathematical connectietseen these values and the following: 0,1967
(*1/1,375), 0,36067 (*Pigreco), 0,5835 (*Pigrec0)7081 (*Pigreco), 0,7869 (*1/Pigreco), 0,8333
(*1/Pigreco), 0,8498 (*Pigreco), 0,8753 (*Pigrec0)8989 (*1/1,375), 0,9017 (*1/Pigreco). All
values inserted in the columns of the Table conngrtheuniversal music system based on Phi.

At large g the integral in (3.29) receives a dominant comtidn fromt = g. In order to evaluate
(3.29) it is convenient to change the integratianable as - 4/git

= —8;7/2_ e -2 Rg [ dter r47gt) | (5 60)

Mo () = — |

t+>

where integration goes along the imaginary axis.f\efrom (3.58) thaﬂ'(47git) takes the form
r(4mit) = f, (4N, (47gt) + £, (4t (47mt),  (3.70)

WhereVO'1(47gt) are given by the Whittaker functions of first kind

8v2

We note that7 =114631811145833value that is inserted in the column (*1,375) lué Table

concerning theiniversal music system based on Phi.

We have thatf0'1(47gt) admit the following representation (see egs. (3@ (3.67))
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fo(4rgt) = Zt{ c.(n, )Uf({mg)’f&(ﬂg)m}—l,

n>1 t n+t

f,(47mt) = Zn{ c.(n, )Ugr(f_mg)ﬂ-(n,g)W} (3.71)

n=1 t
Replacingl’(47git) in (3.69) by its expression (3.70), we evaluatettintegral and find after some

algebra
16v2
T

ge [t (- )5 (m) + H(- o (). (3.72)

M) =~

This relation can be further simplified with a helpthe quantization conditions (3.61). FO6= 0,
we obtain from (3.61) that f,(- gV, (- 7g)+ f,(- mV,(- 7/g) = 0. Together with the Wronskian
relation for the Whittaker functions this leadghe following remarkable relation for the mass gap

16V2 f,(- m
/s Vo(_@

N—

~—

The functionsf,(47gt) and f,(47gt) have the form

f (4rgt)= £F)(amgt)+ & (4mt),  (h=01). (3.74)

Going through calculation of (3.71), we find af®sme algebra that perturbative corrections to
f,(47gt) and f,(47gt) are given by linear combinations of the ratio&afer gamma-functions

T o, 3 i

.I:O(PT)(47gt = - + +O(g_2),
r(s—t 4mgiL 4 8 F[3—tj 8t|'(1 +tj
4 4 4
1 3 ] 1

M= r@+t) rl2|re-t M= |r@+t
f(PT)(47gt): 1 (4) ( i )_ (4) ( ) _ 1 (4) ( ¥ )(i_3|n2j+
1 2 —

49 4tr(i+tj 4tr(i—tj (47g) 4tr(i+tj a4

) r(ijg(l—t)(i+ 3In 2) +O(g_3)_ (3.75)

4tr(—tj a4
4

In the similar manner, we compute non-perturbatmeections to (3.74)
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ijl‘(l—t) I'(Zjl‘(lﬂ)

il s
& (47gt) =N : -

47g ZF[B—tj 2F[5+tj
4 4

X (4mgt) = N2 1 r(ijr(lﬂ) 1 r(jjr(l't) r(ijr(lﬂ)
\&4701) =

{5 “ar} ar( ) {5+

(é+%ln2—%) +O(g‘3) +...

(3.76)

where ellipses denot@(/\“) terms.

Let us obtain the strong coupling expansion of riress gap (3.73). We replatg(- /g) by its
asymptotic series

{3 2o
Uf(x):(2x)_”4%FGjFG,%—2—1X :(2x)‘”4%r(711j[1—3—;+..],
Ul‘(x):(Zx)_?’M%F(ng(%%—% :(2x)‘3’4%r(§j[1—3—;+..], (3.78)

and take into account (3.75) and (3.76) to get

_ A2 va ||, . 3-6IN2  -63+108n2-10gIn2) +16K
”’b(e)——r(sj(Zﬂg) e 1+ 32 + 2048y +o ]+
4

_N {1—15_6'“2+...}+o(/\4)}, (3.79)
8| 32m

that can be connected with the eq. (3.69), obtgithe following mathematical connection:

t+1
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_ 2 (2] e _1+3—6In2+—63+108In2—10dln2)2+16K . s
32w 2044m)

_N 1_15‘6'”2+...}+o(/\4)}. (3.80)
8| 32y

With regard this equation, we have thd®(277)"* = 2,23903012,24730;

1- 15-6In2
32

(*1/1,375) of the Table concerning thaiversal music system based on Phi.

Furthermore, this equation can be related also ththRamanujan modular equation regarding the
superstrings and the equation concerning the PaltMavdelli model. Thence, we obtain:

=0,89216141510,898958 that are inserted in the columns (*1/Pigreco) and

t+=

=

_ _ _ 2
(Zlg)me_,g{“s 6in2  -63+108in2-10g(n2) +16K+”}+

r 32y 2044 )’

7\
NGNS, |

)

A {1— 15-6In2 , } + o(/\“)} N

8m 32m
» COSTOXW ety
antilog =~ COSIVX D':2L42
—n—w‘ g tw
1 e * @fitw)

o

R 1 (%o 1 v =
= _.[dZGX\/a|:_—16]G _g g,upg Tr(G,qupJ)f ((o)_E gﬂ aﬂ@V¢:| -

_°° 1 10 12 -2 u 1~ 2 Klzo q 2)
_jZKfojd x(-G)"*e?*| R+49,9 q:—E\Hg\ ok F[°)| . (3.81)
0
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4. On some equations concerning the “fractal” behaviouof the partition function. [5] [6]

(see the following introduction: http://www.fracialg/Bewustzijns-Besturings-Model/Partition-
numbers-are-fractal.pdf )

The study of p(n) has played a fundamental role in the number the®he very famous
mathematicians Hardy and Ramanujan invented theelécmethod” in analytic number theory in
their work on p(n) asymptotics. They proved the asymptotic formula

..,i 774/ 2n /3
p(n)= G (& . (a)

Rademacher subsequently perfected this methoditeedes famous “exact” formula

o) = 2tz -1 3. ’*k(”) 1 [”—Vzg‘k“‘lJ . ()

and this equation can be rewritten also as follows:

2 3ipk(n)D3/2(m/24n—1j_ ©

6k

In terms of congruences)(n) has served as a testing ground for fundamentaftagions in the
theory of modular forms. The theory of Ramanujaelelsrated congruences, assert that

p(5"n+g,(m)=0 (mod5™),
p(7mn + 57(m)) =0 (mOd 7[m/2]+1),
plL1"n+4,(m)=0 (mod11™), 4.1)

where 0<g,(m)</™ satisfies the congruence24d,(m)=1 (mod (™). To prove these

congruences, Atkin, Ramanujan and Watson made fusgecial modular equations to produce
adic expansions of generating functions

o b n
P(bz):=) p(gg—;qum . (4.2)
n=0

(note that q:= e** throughout, p(0)=1, and p(a)=0 if @ <0 ora0Z).
Little is known about the -adic properties of thé@ (b; z), asbh — +o, for primes/ > 13 Has been

observed that these functions are nicely constdaineadically. Furthermore, they are “self-
similar”, i.e. have a “fractal” behaviour, with mdation that improves as one “zooms in”
appropriately. Throughout, f> & prime andm> 1then we let
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b(m):= m? i#">5 and /% 7

m if¢= 7andm is even,
m(m+1) if /= 7andm isodd.  (4.3)

Theorem 1.1

Suppose thatt< /<31 is prime, and thatm=1. If b =b, (mod 2) are integers for which
b, >b, = b,(m), then there is an intege (b,b,,m) such that for every non-negative integewe

have
b, by
p[g ”+1j A (b,,b,,m) (ﬁ ”+1j (mod /™). (4.4)

24 24

If ¢0{5711, thenA(b,b,,m)=0

Now we illustrate Theorem 1.1 witli= 13or m=1, Theorem 1.1 applies for every pair of
positive integersb <b, with the same parity. We leb =1 and b,:=3. It turns out that

A}_:;(lg,l) =6, and so we have that

p[L¥n+1007)=6p(lan+6) (modi3).

By direct calculation, we find that

6" p(L3n+6)q" = 66+ 294 +500941” + 5348041" + 429132@)* + 28183230" +..
n=0
=1+2q+5q° +10¢° + 79 +10q° + ...(mod13),

and

S plign +1007)" = 31724668497288728800649157826 +
n=0

+5099167550830466771923637764500414961638340615171125139qQ +...
=1+2q+59° +10g° +7q* +10g° + ...(mod13).

We note that (forn=0,1,2,3,4,and5,i3n* 6 =6, 19, 32, 45, 58, and 71)

28183230 P73 - =78: 4291320 P\°% p(58) _ =78 534804 p(45) _ =78
13 13 13
50094 P32 - =78 2940: p19) _ =78 66 p(6) 78,
13 13 13
and that
= m =28183230 x= "’(&3?—);78 =429132Q0  x= w ~ 534804
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p(6)x78 _
13

66.

= =50094; X =

F)(E’i—);m =2940; x=

p(19)x 78
13

From these expressions, it is evident the “fradb@haviour of the partition numbers.
We zoom in and considem=2. It turns out thatb :=2 and b,:=4 satisfy the conclusion of

Theorem 1.1 withA,(2,4,2) = 45, which in turn implies that

pL3'n+2737)=45p(1Fn+162) (mod1P).
For n=0]1, and 2, we find that the smaller partition numhgve

45p(1% (0 +162) = 584612570865=99  (modlF),
45p(13 [1+162) = 35460564881999767589  (modlF),
45p(1F (2 +162)=1035074266584457978215=20 (modlF).

Although the other partition numbers are way tageao give here, we find

p(L3 +27371)=10581653881780139127085615981221022440752..=99 (mod1¥),
p(L3 1+ 27371 = 74706167982324321869697100893320761936212..=89 (modLF)
p(L3 2+27371=11177775586127388539609631285570585981391..= 20 (mod1 ).

We note, with regard the second expression, th& 8Fibonacci’'s number.
We recall Dedekind’s eta-function

1 o 3kZ+k 1

1@)=a T]i-a)=X1a 2 = @9

n= kOz

If ¢>5 is prime andm> 1then we let k,(m):=¢™*(¢ -1). We defineQ,(m) to be thez/¢/™Z -

module of the reductions moduld of those forms which arise as images after applgingast the
first b,(m) operators. We bound the dimension®f(m) independently ofn, and we relate the

partition generating functions to the forms in thimce.

Theorem 1.2

If ¢>5 is prime andm=>1, thenQ,(m) is a Z/¢™Z-module with ranks [61__21} Moreover, if

b>b,(m), then we have that

P(b;z)= F;(E)Z)Z) (mode™)  if b is even
= F/;E?S) (modr™) ifbisodd,  (4.6)

where F,(b;2)0Q,(m).
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Each form F,(b;2)0Q,(m) is congruent moduld to a cusp form inS,_, n Z[[q]]. Since these
spaces are trivial for/0{571%}, Theorem 1.2 for thes¢ follows immediately from the
Ramanujan congruences. Conversely,(if{ 5713 andm=1, then forb > b,(m) we have that

p(°n+5,(0))=0  (modem). (4.7)

Theorem 1.2 shows that the partition numbers alfesiggilar ¢ -adically with resolutions that
improve as one zooms in properly using the stochasbcess which defines thie (b; z). Indeed,

the P,(0;2) (mod¢™), for b=, (m), form periodic orbits. Theorem 1.2 bounds the esponding

“Hausdorff dimensions”, and these dimensions omlyand on/ . For ¢ [1{ 5711}, the dimension is

0, a fact that is beautifully illustrated by Ramgms congruences and for 13< /< 23 the
dimension is 1. Theorem 1.1 summarizes these odseng for5< /< 23and include the primes
(=29 and 31.

"(In mathematics, Ramanujan's congruences are somerkable congruences for the partition
function p(n). The Indian mathematician Srinivasarfanujan discovered the following

p(bk+4)=0 (mod 5)
p(7k+5)=0 (mod 7)
p(11k4+6)=0 (mod 11).

In his 1919 paper (Ramanujan, 1919), he gave pfoofthe first two congruences using the
following identities (using g-Pochhammer symbohtion):

o0 55k
S p(5k + 4‘1.:;* _5d Jgﬂ
fe=0 } (9)eo

k=0 [: )4 (Q)E

then stated that “It appears there are no equaliye properties for any moduli involving primes
other than thesg’[from Ramanujan's congruences - Wikipedia, the free enclapedia).

The following theorem gives the finite algebraicrfmla for p(n).
Theorem 1.3

If n is a positive integer, then we have that

p(n)= 24#_1 Tr(n). (4.8)

The numbersP(aQ), as Q varies over€,, form a multiset of algebraic numbers which is timéon
of Galois orbits for the discriminant 24n+1 ring class field. Moreover, for eadQ U &, we have
that 6(24n-1)P(a,,) is an algebraic integer
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Theorem 1.3 gives an algorithm for computip(;‘n), as well as the polynomial

H, ()= X020 =24 ~Yp(n) ) +..:= [ (x-Plag )JoQld. -~ 4.9)
Qie,

Let L be the following lattice

L::{(b a/Nj:a,b,cDZ}. (4.10)
c -b

For kD%Z , we letH,(N) denote the space of harmonic Maass forms of weigfur I :=,(N).

We let H?(N) denote the subspace &f, (N) consisting of those harmonic Maass forms whose
principal parts at all cusps other thenare constant. We writé;"(N)=M;(N)n HZ(N). For a
weak Maass formf of weight —2 forl we define

AT )= Lo, ] (Ro F (D)0 (1,280 ). (4.20)

M

The Kudla-Millson theta kernel has exponential deﬂiﬂO(e_cyz) for y — o at all cusps of” with
some constan€ > 0. Therefore the theta integral converges absolutetefines aC[L'/ L] -valued

function on H that transforms like a non-holomorphic modular fopfweight — 1/2 forl . We
denote byA,(r, f) the components of the lift(r, f) with respect to the standard bagig), of

C[L'/L]. The groupO(L'/L) can be identified with the group generated by Altkin-Lehner
involutions. The following proposition, which is by checked, shows that the theta lift is
equivariant with respect to the action@fL'/L).

Proposition 1.1

For yOO(L'/L) and hOL'/ L, we have
Aplr )= |y, (412)

Theorem 1.4

If m is a positive integer, then we have

_22°nNd1- ) s, 1 1
= > nF (r,§+z, 2). (4.13)

/\(r, Fm(z, s,—2)) s 1 "
r( - j M N
2 2

By definition we have

A(T’ Fm(z’ 51_2)) = L3/2,r'[M (R—z,sz(Z’ S’_Z))@L (T’ Z, Py ) (4.14)
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Employing the following proposition
Proposition 1.2

# RF.(z5Kk)=(s+k/2)F (zsk+2), (4.15)

and

¢ 1
L3/2,1'G)L (T' Z, ¢KM ) = _dd G)L (T' Z, ¢S) = ZTAO,ZGL(T' Z, ¢S) m ' (415b)

we see that this is equal to
m(s-1)[ F.(z2s0)8,.0.(r.2¢5)Q. (4.16)

Using the following definition

F (zsk)= Z[  (4rmy)e(- mx]|ky (4.17)
yDI’ \F

we find, by the usual unfolding argument, that

AT Fo(2.5-2) = mr((sz‘s ;) [, Molamyel-mi, 0, (r.zg)0. (418

By the following proposition

Proposition 1.3

1 1 m®\_
@L(r,z,¢s)=mEEK(r,0,0)+2 @Z Z[exp{— 2V@j:(r,nu(z),O)}\.m,pKy, (4.19)

we may replacé\, 0, (r,z,4s) by A,,0, (7,28), where

2

m- |-
) (r z, ¢S \/z 2, 2 \i XF{_ZV—KZZJ_(T'nﬂ(z)’o)}‘_llz'” y. (4.20)

Recall that EZZ:i . The function ©,(r,z¢,) and its partial derivatives have square

2Ny?
exponential decay ag — «. Therefore, forfR(s) large, we may move the Laplace operator to the
Poincaré series and obtain

Ao Fofes2)= ") (a, a0 (armyel-m)B, (r 24, )0 -

L jrw\H M,o(4rmy)e(-mxX)O, (7,2,45)Q = - mes~1) i 2 Esmn), v,

r(2s)
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(4.22)
where

dxd
|(z,s,mn) J' J' M o(4rmy)e(- mx) p{ ZVEJ 7,nu(2),0) §2y. (4.22)

2\/?

1/2N 0
j, and identifyK'/K C Z/2NZ , then we have

If we use the fact thak'=Z
0 -1/2N

=(r,nu(2)0) =V —%T—nbx]eb. (4.23)

b0z

Inserting this in the formula fot(r,s, m, n), and by integrating ovek, we see that (r,s, m, n)
vanishes when ntm. If n|m, then only the sumniant = -m/n occurs and so

(z,s,mn)= */_ij 47myexr{ 7NN’y jﬂ({— mzzf}_m,n. (4.24)

y 4NN

To compute this last integral, we note that
M, (47my) =M1z (47my) =2%7T (S +1/ 2)\/ 4rmyOg ), (Zmy) .

Substitutingt = y* in the integral, we obtain

« anz 2 d S— o ]an 2 d
k Ms,o(4my)eXl{—Ty]—y:22 T(s+12)f ,/4ﬂnyls_1,2(27my)ex{_ " y ] y_

y y
:225—1r(s+1/2%/mj0w|S_1,2(2m}\/¥)exp{ ’ant]t S4dt.  (4.25)

The latter integral is a Laplace transform. Insgrtihe evaluation, we obtain

@ ANn*y? \d . Nnz ) mev 7mev
J-o ‘Ms,o("’HnY)eXF{_ j yy 2*7T (s /2)(7mvj My/asia-114 N ex ONIT =
pset NI 7miv miv
= 2 ° F(S/Z)( 2 J Ms/2+1/4,—1/2( jex;{ 2} (426)

7mev Nn? 2Nn

Consequently, we have in the case that

2”7Nn mev m’
|(z,s,m,n)= T F(s/2)./l/ls,2+l,4y_l,2( N je{—Aanzuje_m,n. (4.27)

Substituting this in (4.21), we find
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Cow_ 22/nNd1-s) s 1.1
Ar,F, (z,5-2)) = F(S—lj %”Eig;,_:(“zu’ 2). (4.28)
2 2

Sincefim’h(r,s,—llz) = gm’_h(r,s,—llz), this concludes the proof of the Theorem 1.4.

Corollary 1.5

If f OH_,(N) is a harmonic Maass form of weight — 2 fig(N), then A(r, f) belongs to
H_1/2, - IN particular, we have

A, Fo(z2-2)=-2N>Y nlF . (r,g,—%j. (4.29)

min 4NR2' N

The formula for the image of the Poincaré sefie$z,2,—2) is a direct consequence of Theorem

1.4. These Poincaré series for]Z_, span the subspadd®,(N)OH_,(N) of harmonic Maass
forms whose principal parts at all cusps other thaare constant. Consequently, we find that the
image ofo"z(N) is contained inH_,,, , . For simplicity, here we only prove that the imagehe

full space H_Z(N) is contained inH_,,, , in the special case wheN is squarefree. WhelN is

squarefree, then the grOLID(L'/L) of Atkin-Lehner involutions acts transitively ohet cusps of
I'O(N). Consequently, we have

H,(N)= S H5(N).  (4.30)

yoo(L'/L)

Using Proposition 1.1, we see that the whole spacgN) is mapped tcH _,,, , -

Theorem 1.6

Let fOH_,(N) and put of ::%R_zzf. For mdQ,, and hOL'/ L the (mh)-th Fourier
g )

coefficient of the holomorphic part df(r, f) Is equal to
(mh)=- Zaf . (4.31)

Inserting the definition of the theta lifting anding (4.15b), we have

Nr, 1)=4rty,,, | (200 (r.2.80) = [ 0F (2)8,.0. (1. 2¢5)Q . (4.32)

For X OV(R) and zOD we define ¢3(X,z) =e?X)g (X,z). Then the Fourier expansion of the
Siegel theta function in the variabteis given by
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0 (r.2.85)= 3 #WX,2Jq?™e, . (4.33)

xoL'

For m0Q,, and hOL'/L, we putL,, ={XOL+h;Q(X)=m}. The groupl acts onlL,, with
finitely many orbits. We writeC(m,h) for the (m,h)-th Fourier coefficient of the holomorphic part
of A(r, f). Using (4.33), we see that

c(mh)=] of (2n,, Y evx.zje. (434

XOLpy

For Q(X) >0 the function¢§(X,z) has square exponential decayyas. «. This implies that we
may move the Laplacian in the integral to the fiorcof . SinceA0f =-20f , we see that

c(mh)=-2[ of () Y geVvx.zla. (4.35)

XOLpp

Using the usual unfolding argument, we obtain

c(mh)=-2 ¥ FijDaf(z)qbg(\/Vx,z)Q. (4.36)

XOM\ Ly, x‘

Furthermore, we have the following relationship:

cimn)=-2] of(2) Tedvx.zo=-2 3 = [ of (@2lvx.zk2. (4.36b)

XOLpp XOM\ Ly rx‘

It is convenient to rewrite the integral ovBr as an integral ove®(R) = SL(R). If we normalize
the Haar measure such that the maximal compactaup&O(2) has volume 1, we have

1(x):= [ ot (2)edlvvx.za = o (02X, gilg. (4.37)
Using the Cartan decomposition @(R) and the uniqueness of spherical functions, we thadl
1(X)=af (D, )oY, Ymv/N),  (4.38)

where

()= 7] g2hatal X() o l0@) 2L (a.39)

a o0
Here w,(g) is the standard spherical function with eigenvalue -2, and a(a):(o a’lj' Note

2 -2
that a,,(a(a)) = 212

. It is easy computed that
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P2 (ta(a)‘l X (i), ) =yl (4.40)

and therefore
v

4Nt

Y, (t)= ZWI: e s cosHr )sinh(r )dr = (4.41)

Thence, we have the following relationship:

\Q(t):471J'1°°¢g(ta(a)_lx(i),i)wﬁ(a(a))a _2a daa 27’KIJ- e N smh0)” cosHr )sinh(r )dr = 4l:l/t2'

(4.41b)

HenceY, (\/ mv/ N ):ﬁ . Inserting this into (4.36), we obtain the asserti

Now we consider the theta integral (4.11) in thecsd case whenN =6. We identify the
discriminant formL'/L with Z /12Z together with the)/Z -valued quadratic fornt > -r*> /24
The functionr(r)™ can be viewed as a component of a vector valuetltaoform in M!_l,2pr as

follows. We define
G(r):= Y xolrh(r)Te . (4.42)

r0z /122

Using the transformation law of the eta-functiondenz— 7+ 1 and 7+ -1/7, it is easily
checked thatGOM!,,,, . The principal part ofG is equal toq™* (¢, —es—e¢, +¢,). On the

other hand,G can be obtained as a theta lift. LEtOM',(6) be the function defined in the
following expression

-1 E(2)-2E,(22) - 3E,(32)+ 6E,(62) _
F(2)= > B (2P n(62) =q*-10-299-... (4.42b)

It is invariant under the Fricke involutioi, and under the Atkin-Lehner involutidfy, it is taken
to its negative. Hence, in terms of Poincaré seviefiave

=F([2-2)-F (22w, - F W, + F(C2-2)W,. (4.43)

The function P is given by4i R_Z(F). Using Corollary 1.5 and Proposition 1.1, we Seat t
T

A(r,F) is an element oM',,, . with principal part—4Ng™** (¢ —e_; —¢, +¢,). Consequently,

we have
1
G=——"-0[MNI(r,F 4.44
N MEF). (4.44)

Now Theorem 1.6 tells us that for any positive gate n the coefficient of G with index
(24n—1
24

,lj is equal to
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On the other hand, this coefficient is equalp{m) because

1

,;‘(Z) _1 . Z.::Op()”. (4.46)

00

We have proved, with all these computations anafgrahat p(n)=Tr(n)/(24n-1). To complete

the proof of Theorem 1.3, we require results fréwa theory of complex multiplication, and some
new general results which bound the denominatossngular moduli.
We first recall classical facts about Kleinjsfunction

j(z)=q™ +744+196884) + 214937607 +.... (4.47)

A point 7 0H is a CM point if it is a root of a quadratic eqoatiover Z. The singular moduli for
j(z), its values at such CM points, play a central nolthe theory of complex multiplication.

Theorem 1.7

Suppose that Q =ax’ +bxy+cy’is a primitive positive definite binary quadratiorfn with
discriminant D =b’ -4ac<0and let a,0H be the point for whichQ(aQ,l):O . Then the

following are true: (1) We have thaty) is an algebraic integer, and its minimal polynainfias
degree h(D), the class number of discriminant Dtpasdefinite binary quadratic forms. (2) The
Galois orbit of jig) consists of the j(z)-singular moduli associated the h(D) classes of
discriminant D forms. (3) If K = Q(D), then the discriminant D singular moduli are jogate to
one another over K. Moreover, Kdif)) is the discriminant — D Hilbert class field of K

Theorem 1.7 and the properties of the weight Zhotmmorphic Eisenstein series

EXz):= 3. E,(z2)=1-=- 24Zqu

4 =L dn (4.48)

will play a cental role in the proof of Theorem 1.3
For a positive integer N, we & denote a primitive N-th root of unity. For a disainant — D < 0
and tZ with # = - D (mod 4N) we let @ denote the set of positive definite integral bjnar
guadratic forms [a,b,c] of discriminant — D with |l[d and k= r (mod 2N).

~b+J-D

For Q =[a,b,dHQp,n We let a, = > ———be the corresponding Heegner point in H. We write
a

Op for the order of discriminant — D in @D).

Theorem 1.8
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Let D > 0 be coprime to 6 antlZ with *=— D (mod 24). If @!Qp s is primitive, then 6D P (o)
is an algebraic integer contained in the ring cfasd corresponding to the ordep8 Q(V-D).

By Theorem 1.8, the multiset of valuesy§)(is a union of Galois orbits. Thereofore, Theore®
completes the proof of Theorem 1.3.

Conclusion

The important result that we have obtained in thispaper, is that the “fractal” behaviour of
the partition numbers can be the motivation whose ery values of the equations concerning
the string theory are connected with (*1,375) thats the mean value ¢ factor) of the partition
numbers.

The golden angle is about 137,5 degrees. The exakte is 360/PRi = 137,50776405.
The music system contains exactly this value whth pure number of 1,90983006 multiplied by
72Hz, the basis frequency that was chosen.

There is also the mathematical connection with 86y indeed: 432/PiGreco = 137,509870831
almost identical to the value of the golden an§lée note that both the values 137,5077 and
137,5098 divided by 100 give 1,375077 and 1,3750@8ce once again the mean coefficiamt (
factor) of the number of partitions.

So, everything is connected: Pigreco, Phi and Sitiratare all in the music system based on Phi
and they determine the “notes”, thence the vibnatigold” of the universe of strings.

Appendix A.(Francesco Di Noto) [7]
Now we want to analyze the following 4 series ofmfers that we have in various equations of the
third Section of this paper. We show the matherabtionnections with F, 2T, W, i.e. with the
Fibonacci's numbers, the triangular numbers antitiieen's numbers.
First series: 3, 4, 8, 32, 40, 44, 45, 73, 630,88175
Second series: 1, 2, 3,4, 7, 16, 21, 23, 2552,7166, 1605, 43065
Third series:  1,2,3,4,5,6,7,8,11,38,45, 61, 64, 81, 104, 128, 192, 512, 1024, 6144

Fourth series: 1, 2, 3,5, 9, 12, 16, 32, 45964232, 256, 1575, 3614, 20416

1°serie 2°serie 3°serie 4°serip Fibonacdi Triamgula 2T W
1 1 1 1 1 2
2 2 2 2 3 4
3 3 3 3 3 6 12
4 4 4 5 10 20
7 5 5 8 15 30 14
8 6 9 13 21 42
32 16 7 12 21 28 56
21 8 16 34=32 36 72
40 23 11 32 55:54 45 90 105




44 25 16 45 89=96 55 110 154
45 27 32 64 144=166 66 112 175
73 54 45 96 233232 78 156
630 166 61 232 377 91 182 945
887 1605 64 256 610=630 105 210 4096
14175 43065 81 1575 98%887 120 240 8085
104 3614 159¥1605 136 272 10493
128 20416 2584 153 306 74247
192 4181 171 342 363825
512 6765 190 380
1024 10946 210 420
6144 17711 231 462
28657 252 504
46368 275 550
75025 299 598
121393 324 648
196418 350 700
317811 377 754
405 810
434 868
464 928
495 990
527 1054
560 1120
594 1188
629 1258
665 1330
702 1404
740 1480
779 1558
819 1638
860 1720
902 1804
945 1890
989 1978
1034 2068
1080 2160
1127 2254
1175 2350
1224 2448
1274 2548
1325 2650
1377 2754
1430 2860
1484 2968
1539 3078
1595 3190
1652 3304
1710 3420
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1769 3538

1829 3658
1890 3780
1952 3904
2015 4030
2079 4158

In blue we have the numbers that are in two or most sdhieg are powers of 22, 4, 8, 16, 32,
64 In red we have other powers of 228, 256, 512, 1024n greensome powers of 3( 27, 8)
not repeatedn clear brown the Witten's numbers W that are in some of the $euies :

> that are all powers of 2 (except 7 and 21 =& with index 1, 2, 3, 4, 5, 8, that
are all Fibonacci's numbers except 4.
All the numbers of the four series almost coincidéh each other, and also with the Fibonacct'
numbers, the triangular numbers T and 2T, and theeks numbers, after thin out more. It would
be interesting to compare their graphics, simitdaha begin and after more and more divergent.

Fibonacci's numbers:

0,1,1,2,3,5, 8, 13, 21, 34, 55, 89, 144, Z33, 610, 987, 1597, 2584, 4181, 6765, 10946,
17711, 28657, 46368, 75025, 121393, 196418, 317811

The numbers in blue, coincide exactly with the lRdxi's numbers, furthermore, also the other
numbers of the four Tables are algebraic sumshadriacci's numbers. Indeed:

4=3+1;6=5+1;7=5+2;9=8+1;11=%8;12=5+5+2;16=3+13;32=21+8+8;4
=34+8+3;61=55+5+1;64=55+8+1889-8;96=89+5+2;104=89+13+2; 128
=89+34+5;192=144+34+ 13 +1;232=233256 =233 +21+2;512=2x256; 1024 =
2x512; 1575 =1597 - 21 -1; 3614 = 2584 + 9FA+ 8 + 1,

6144 =6765-610—-8—3; 20416 = 17711 + 15984989 + 21 + 8 + 3.

23=21+2; 25=21+43+1;27=21+5+1;484+5+1;44=34+8+2;54=55-1;73=
55+13+5;166 =144 +21+1;630 =610 + 13+#2% 887 =987 — 89 — 8 — 3; 1605 = 1597 + 8;
14175 = 10946 + 2584 + 610 + 34 + 1; 43065 = 4638884 — 610 -89 - 13 -5 - 2.

Also with the Witten's numbers can be done the s&asoning.
Indeed, for example, we have that:

1605 =945+ 256 + 256 + 105+ 32+ 7 + 4; 15%85 + 256 + 256 + 32 + 32 + 21 + 21 + 8 + 4;
6144 = 4096 + 945 + 945 + 154 + 4; 3614 = 40966-21/5-32-8 -7 — 4.

Also here, thence, numbers of the Tables thatlgebeaic sums of Witten's numbers.

In conclusion, also for the Triangular numbers barone the same reasoning of the algebraic
sums. Indeed:
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166 = 110 + 56; 1605 = 1558 + 45 + 2; 3614 = 3532 + 4;
6144 = 4158 + 1890 + 90 + 6.

Also here, thence, numbers of the Tables thaalgebraic sums of triangular numbers T and 2T

Partitions of numbers, p(n)

1,1,23,5,7,11, 15, 22, 30, 42, 56, 77, 101, 135, 176, 297, 385, 490, 627, 792, 1002, 1255
1575 1958, 2436, 3010, 3718, 4565, 5604, 6842, 834%43,012310, 14883, 17977, 21637,
26015, 31185, 37338, 44583, 53174, 63261, 75173489

Numbers 4° series coinciding with p(ri)-2, 3, 5, 1575

Numbers 4° series very near to p(dp =11+1
16 =15+1
32= 30 +2
45=42+3

232=231+1
3614=3718- 104 (104 =101 +3 )
20416= 21637 20416= 1221 = (1221£255— 34

We note that, five numbers of the 4° series are aswumbers p(n) ,2,3,5,157p
while the others (12,16,32,45,232,3614 and 2014469 very near to others p(n) bigger and
with differences corresponding to small Fibonacci'siumbers)

Table
Numbers 4°serie p(n) d =. N 4° serie -P(n) Falmacci
1 1 0 yes
2 2 0 yes
3 3 0 yes
5 5 0 yes
12 11 1 yes
16 15 1 yes
32 30 2 yes
45 42 3 yes
232 231 1 yes
1575 1575 0 yes
3614 3718 -104 104 -101 3
20416 21637 -1221 1221:1255=34

101 and 1255 are p(n) numbers (see series at theyleof the present page)

All this look very interesting and not casual...
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Connections between prime numbers, Lie's numbeengular numbers T, 2T, Fibonacci's
numbers, partitions of numbers, String Theory

There exist various mathematical connections tbaterning the prime numbers and the String
Theory. Indeed, we have as follows:

Prime Numbers:
In the equation of the projective geometfyn+1, the number n must be prime or power of prime

This equation is also the equation of the Lie's bers L(n) = A+n+1, to the base of the Lie's
groups:

L(2) = 2%+2+1 =7, 2*7 = 14 number of dimension of the Lie group G2
L(3) =3%+3+1 =13, 4*13 =52 number of dimension of the Lie group F4
6*13A number of dimension of the Lie group E6
L(5) =5°+5+1 =31= 8*31 =248 number of dimens. of the Lie group ES8
L (11) =11%+11+1 =133 133 number of dimens. of the Lie group E7

The equation L(n) =%n+1 = 2T, where T are thteangular numbers (binomial coefficients (the
second diagonal of the Tartaglia triangle)) théd @ime numbers, 13, 31are of the form6k+1,
and also133 = 7*19with also 19 of the form 6k+1, and this suggesés Nature may prefer this
form with respect to the form 6k -1 (both the forame the forms of the prime numbers, except the
2 and 3, for many values of k.

We note that 2T is also tlsaim of the first n even numbers

L(n) = 2T+1 is to the base also of the Fibonacuisbers F and also of the partitions of the
numbers p(n), that are both in many natural phemanfjguantistics and cosmologic), giving them
some stability and regularity (especially in thegasses of growth).

The prime numbersare the base of the Riemann zeta function, thainsected to the string
theory, as also the Fibonacci's numbers (conndottte zeta of Fibonacci, thence also connected
to the string theory).

Thesefive exceptional Lie's groupsare to the base of the string theory, and argtbeps of
simmetry, especially\g8, candidate in whole or in part to the Teory véEthing (see Garrett Lisi).

Appendix B(Christian Lange)

Here, we have showed the various columns concethawniversal music system based on Phi

Sistema *PiGreco *1/PiGreco *1,375
0,0131556174964 | 0,0413295912802 | 0,0041875631080 | 0,0180889740576
OSSN0  0.0425718202538 | 0,0043134272179 | 0,0186326679820
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0,0142348954757

0,0447202430511

0,0045311079587

0,0195729812791

0,0452242957761

0,0045821791774

0,0197935931067

0,0473594973837

0,0047985203316

0,0207281198051

0,0487829651221

0,0049427477677

0,0213511376041

0,0510861843046

0,0051761126615

0,0223592015784

0,0526216637597

0,0053316892574

0,0230312442279

0,0542691549314

0,0054986150129

0,0237523117281

0,0557272361938

0,0056463495323

0,0243904790390

0,0585395581465

0,0059312973213

0,0256213651249

0,0602990610349

0,0061095722366

0,0263914574756

0,0631459965116

0,0063980271088

0,0276374930735

0,0638577303808

0,0064701408269

0,0279490019730

0,0668726834325

0,0067756194387

0,0292685748468

0,0688826521337

0,0069792718466

0,0301482900960

0,0723588732418

0,0073314866839

0,0316697489707

0,0731744476831

0,0074141216516

0,0320267064062

0,0766292764569

0,0077641689923

0,0335388023676

0,0789324956395

0,0079975338860

0,0345468663419

0,0826591825604

0,0083751262159

0,0361779481152

0,0851436405077

0,0086268544359

0,0372653359640

0,0878093372197

0,0088969459819

0,0384320476874

0,0901685622606

0,0091359854556

0,0394646240870

0,0947189947674

0,0095970406632

0,0414562396103

0,0975659302441

0,0098854955355

0,0427022752082

0,1021723686092

0,0103522253230

0,0447184031568

0,1033239782005

0,0104689077699

0,0452224351440

0,1082022747127

0,0109631825467

0,0473575489044

0,1114544723875

0,0112926990645

0,0487809580780

0,1170791162929

0,0118625946426

0,0512427302498

0,1183987434592

0,0119963008291

0,0518202995129

0,1239887738406

0,0125626893239

0,0542669221728

0,0394668524893

0,1277154607615 0,0558980039460

0,0425724725044

0,1337453668650 0,0585371496936

0,0129402816538
0,1377653042674 0,0602965801919

0,0139585436932
0,0452249886658 0,1420784921511

0,0621843594154

0,0638551031260

0,0487837125347

0,0670776047352

0,1458957984544 0,0147823349878
0,1532585529139
0,0159950677721

0,0690937326838

0,0526224699857

0,1653183651208 0,0723558962303

0,1578649912790
0,0169390485968

0,1671817085813 0,0731714371170

0,0557280900008

0,1750749581452 0,0766261237512

0,0182719709111

0,1803371245212 0,0789292481740

0,0602999848877

0,1894379895348 0,0829124792206

0,1915731911423 0,0838470059190

0,0194104224807
0,2006180502975

0,0878057245404

0,0638587087566

0,2066479564010 0,0209378155398 0,0904448702879
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0,0688837074973 0,2164045494254 0,0947150978087

0,2229089447751 0,0975619161560

0,0225853981291
0,0731755688021 0,2298878293708

0,1006164071028

0,1033197272129

0,0789337049786

0,1085338443455

0,2479775476812
0,0258805633076

0,1117960078920

0,0851449450088

0,1170742993871

0,2360643607150 0,0239183204434

0,1183938722609

0,2554309215231
0,0274079563667

0,1239836726555

0,2674907337301
0,0295646699757

0,1277102062519

0,0975674250694

0,3065171058277 0,1341552094704

0,2705056867818
0,0314067233097

0,3099719346015 0,1356673054319

0,1033255612459

0,3246068241382 0,1420726467131

0,3343634171626 0,1463428742339

0,0901699437495

0,3501499162905 0,1532522475023

0,1114561800017

0,2917915969087
0,0365439418223

0,3606742490424 0,1578584963479

0,1184005574678

0,3719663215219 0,1628007665183

0,2832772328580
0,0338780971936

0,3819601591693 0,1671748303389
0,4012361005951 0,1756114490807
0,4132959128021 0,1808897405758
0,4328090988509 0,1894301956175
0,4376873953631 0,1915653093779
0,4583521910032 0,2006097964067
0,4721287214299 0,2066394544259

0,1578674099571

0,4959550953625 0,2170676886910

0,0508171457904

0,5015451257439 0,2195143113509

0,1671842700025

0,5252248744357 0,2298783712535

0,0548159127334

0,5410113735636 0,2367877445219

0,1458980337503

0,1803398874990

0,5665544657159 0,2479673453111

0,5835831938175 0,2554204125039

0,6018541508926 0,2634171736211

0,1915761262699

0,0626189758747

0,6180245198843 0,2704945575518

0,2066511224918

0,6492136482763 0,2841452934262

0,0677561943872

0,6687268343252 0,2926857484679

0,2229123600034

0,7002998325809 0,3065044950046

0,0591293399514

0,0717549613302

0,7081930821449 0,3099591816388

0,7416294238611 0,3245934690622

0,7639203183387 0,3343496606778

0,0774013108625

0,2554348350265

0,8024722011902 0,3512228981614

0,0822238691001

0,8115170603454 0,3551816167828

0,2360679774998

0,8498316985739 0,3719510179666
0,8753747907262 0,3831306187558

0,9167043820064 0,4012195928134
0,9442574428599 | 0,0956732817736 | 0,4132789088518

0,3099766837377 | 0,9738204724145 | 0,0986686429202 | 0,4262179401393
0,3183050093751 | 0,9999846790536 | 0,1013196313059 | 0,4376693878907
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0,3343685400051

1,0504497488714

0,1064328119124

0,4597567425069

0,3444185374863

1,0820227471272

0,1096318254669

0,4735754890437

0,3606797749979

1,1331089314318

0,1148079381284

0,4959346906221

0,3647450843758

1,1458804775080

0,1161019662938

0,5015244910167

0,3819660112501

1,1999816148643

0,1215835575671

0,5252032654689

0,3934466291663

1,2360490397686

0,1252379517493

0,5409891151037

0,4133022449836 1,2984272965527 0,1315581905602 0,5682905868525
0,4179606750063 1,3130621860893 0,1330410148906 0,5746959281337
0,4376941012510 1,3750565730096 0,1393223595525 0,6018293892201
0,4508497187474 1,4163861642898 0,1435099226605 0,6199183632776
0,4721359549996 1,4832588477223 0,1502855420992 0,6491869381244
0,4863267791677 1,5278406366773 0,1548026217250 0,6686993213556

0,5015528100076

1,5756746233071

0,1596492178687

0,6896351137604

0,5150283239582

1,6180091989379

0,1639386071806

0,7081639454426

0,5410196624969

1,6996633971477

0,1722119071926

0,7439020359332

0,5572809000084

1,7507495814524

0,1773880198541

0,7662612375116

0,5835921350013

1,8334087640128

0,1857631460700

0,8024391856267

0,5901699437495

1,8540735596529

0,1878569276240

0,8114836726555

0,6180339887499

1,9416110387255

0,1967263286167

0,8497967345311

0,6366100187502

1,9999693581072

0,2026392626118

0,8753387757815

0,6687370800101

2,1008994977428

0,2128656238249

0,9195134850139

0,6762745781211

2,1245792464347

0,2152648839907

0,9298775449165

0,7082039324994

2,2248882715834

0,2254283131488

0,9737804071866

0,7294901687516

2,2917609550160

0,2322039325875

1,0030489820334

0,7639320225002

2,3999632297287

0,2431671151342

1,0504065309378

0,7868932583326

2,4720980795372

0,2504759034987

1,0819782302074

0,8115294937453

2,5494950957216

0,2583178607888

1,1158530538998

0,8333333333333

2,6179938779915

0,2652582384865

1,1458333333333

0,8753882025019

2,7501131460191

0,2786447191050

1,2036587784401

0,9016994374948

2,8327723285796

0,2870198453209

1,2398367265553

0,9442719099992

2,9665176954446

0,3005710841984

1,2983738762489

0,9549150281253

2,9999540371608

0,3039588939177

1,3130081636722

1,0000000000000

3,1415926535898

0,3183098861838

1,3750000000000

1,0300566479165

3,2360183978758

0,3278772143612

1,4163278908852

1,0820393249937

3,3993267942955

0,3444238143851

1,4878040718663

1,0942352531274

3,4376414325239

0,3483058988813

1,5045734730501

1,1458980337503

3,5999448445930

0,3647506727013

1,5756097964067

1,1803398874990

3,7081471193057

0,3757138552480

1,6229673453111

1,2360679774998

3,8832220774509

0,3934526572334

1,6995934690622

1,2732200375004 3,9999387162144 0,4052785252237 1,7506775515630
1,3130823037529 4,1251697190287 0,4179670786575 1,8054881676602
1,3483616572916 4,2360030769294 0,4291968456671 1,8539972787759
1,4164078649987 4,4497765431669 0,4508566262976 1,9475608143733
1,4589803375032 4,5835219100319 0,4644078651750 2,0060979640669
1,5278640450004 4,7999264594573 0,4863342302684 2,1008130618756
1,5450849718747 4,8540275968137 0,4918158215417 2,1244918363278
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1,6180339887499

5,0832036923152

0,5150362148005

2,2247967345311

1,6666666666667

5,2359877559830

0,5305164769730

2,2916666666667

1,7507764050038

5,5002262920383

0,5572894382100

2,4073175568802

1,7705098312484

5,5622206789585

0,5635707828720

2,4344510179666

1,8541019662497

5,8248331161764

0,5901789858501

2,5493902035933

1,9098300562505

5,9999080743217

0,6079177878355

2,6260163273445

2,0000000000000

6,2831853071796

0,6366197723676

2,7500000000000

2,0601132958330

6,4720367957516

0,6557544287223

2,8326557817704

2,1246117974981

6,6746648147503

0,6762849394464

2,9213412215599

2,1816949906249

6,8539969549208

0,6944550841536

2,9998306121092

2,2917960675006

7,1998896891860

0,7295013454026

3,1512195928134

2,3606797749979

7,4162942386115

0,7514277104960

3,2459346906221

2,4721359549996

7,7664441549019

0,7869053144668

3,3991869381244

2,5000000000000

7,8539816339745

0,7957747154595

3,4375000000000

2,6180339887499

8,2247963459050

0,8333461009843

3,5997967345311

2,6967233145832

8,4720061538587

0,8583936913341

3,7079945575518

2,8328157299975

8,8995530863337

0,9017132525952

3,8951216287466

2,8647450843758

8,9998621114824

0,9118766817532

3,9390244910167

3,0000000000000

9,4247779607693

0,9549296585514

4,1250000000000

3,0901699437495

9,7080551936273

0,9836316430835

4,2489836726555

3,2360679774998

10,1664073846305

1,0300724296010

4,4495934690622

3,3333333333333

10,4719755119659

1,0610329539460

4,5833333333333

3,4376941012510

10,7998345337790

1,0942520181039

4,7268293892201

3,5300566479165

11,0900000318502

1,1236519298206

4,8538278908851

3,7082039324994

11,6496662323528

1,1803579717002

5,0987804071866

3,8196601125011

11,9998161486433

1,2158355756710

5,2520326546890

4,0000000000000

12,5663706143591

1,2732395447352

5,5000000000000

4,0450849718747

12,7080092307881

1,2875905370012

5,5619918363277

4,2360679774998

13,3080000382202

1,3483823157848

5,8245934690622

4,3633899812498

13,7079939098417

1,3889101683071

5,9996612242185

4,5835921350013

14,3997793783719

1,4590026908052

6,3024391856267

4,6352549156242

14,5620827904409

1,4754474646252

6,3734755089832

4,8541019662497

15,2496110769457

1,5451086444014

6,6743902035933

5,0000000000000

15,7079632679489

1,5915494309190

6,8750000000000

5,2360679774998

16,4495926918100

1,6666922019685

7,1995934690622

5,3934466291663

16,9440123077174

1,7167873826683

7,4159891151036

5,5623058987491

17,4744993485292

1,7705369575502

7,6481706107799

5,7117516385413

17,9439969867709

1,8181070139742

7,8536585029943

6,0000000000000

18,8495559215387

1,9098593171027

8,2500000000000

6,1803398874990

19,4161103872547

1,9672632861669

8,4979673453111

6,4721359549995

20,3328147692609

2,0601448592019

8,8991869381244

6,5450849718747

20,5619908647625

2,0833652524607

8,9994918363277

6,8541019662496

21,5327963841251

2,1817284167690

9,4243902035932

7,0601132958329

22,1800000637003

2,2473038596412

9,7076557817703

7,4164078649987

23,2993324647056

2,3607159434003

10,1975608143733

7,4999999999999

23,5619449019232

2,3873241463784

10,3124999999999
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7,8541019662496

24,6743890377149

2,5000383029528

10,7993902035932

8,0901699437494

25,4160184615762

2,5751810740024

11,1239836726555

8,4721359549995

26,6160000764404

2,6967646315695

11,6491869381243

8,7267799624996

27,4159878196832

2,7778203366142

11,9993224484369

9,0000000000000

28,2743338823080

2,8647889756541

12,3749999999999

9,2418082864578

29,0339970186210

2,9417589437948

12,7074863938794

9,7082039324993

30,4992221538913

3,0902172888029

13,3487804071865

10,0000000000000| 31,4159265358978| 3,1830988618379 | 13,7500000000000
10,4721359549995| 32,8991853836199| 3,3333844039371 | 14,3991869381243
10,5901699437494 | 33,2700000955505| 3,3709557894619 | 14,5614836726554

11,0901699437493

34,8407964223452

3,5301107325537

15,2489836726553

11,4235032770827

35,8879939735419

3,6362140279484

15,7073170059887

11,9999999999999

37,6991118430773

3,8197186342055

16,4999999999999

12,1352549156240

38,1240276923639

3,8627716110036

16,6859755089831

12,7082039324992

39,9240001146604

4,0451469473542

17,4737804071864

13,0901699437494

41,1239817295249

4,1667305049213

17,9989836726554

13,7082039324992

43,0655927682502

4,3634568335380

18,8487804071864

14,1202265916658

44,3600001274005

4,4946077192825

19,4153115635405

14,5623058987489

45,7488332308370

4,6353259332043

20,0231706107798

14,9535599249990

46,9779940053917

4,7598659577689

20,5611448968737

15,7082039324992

49,3487780754298

5,0000766059056

21,5987804071864

16,1803398874989

50,8320369231523

5,1503621480048

22,2479673453109

16,9442719099990

53,2320001528806

5,3935292631390

23,2983738762486

17,1352549156240

53,8319909603127

5,4543210419225

23,5609755089830

17,9442719099988

56,3735928064701

5,7118391493227

24,6733738762484

18,4836165729155

58,0679940372419

5,8835178875896

25,4149727877588

19,4164078649986

60,9984443077827

6,1804345776058

26,6975608143731

19,6352549156239

61,6859725942869

6,2500957573820

26,9984755089828

20,5623058987487

64,5983891523750

6,5451852503070

28,2731706107795

21,1803398874987

66,5400001911008

6,7419115789237

29,1229673453107

22,1803398874986

69,6815928446902

7,0602214651075

30,4979673453106

22,8470065541653

71,7759879470834

7,2724280558967

31,4146340119772

23,5623058987488

74,0231671131447

7,5001149088584

32,3981706107796

24,1953682114567

76,0119910240124

7,7016249015637

33,2686312907529

25,4164078649984

79,8480002293208

8,0902938947084

34,9475608143728

26,1803398874987

82,2479634590498

8,3334610098427

35,9979673453107

27,4164078649983

86,1311855365002

8,7269136670760

37,6975608143727

27,7254248593732

87,1019910558628

8,8252768313843

38,1224591816382

29,0344418537480

91,2143892288148

9,2419498818764

39,9223575489035

29,9071198499981

93,9559880107834

9,5197319155379

41,1222897937473

31,4164078649984

98,6975561508596

10,0001532118112

43,1975608143728

31,7705098312478

99,8100002866504

10,1128673683855

43,6844510179657

33,2705098312478

104,5223892670350

10,5903321976612

45,7469510179657

34,2705098312479

107,6639819206250

10,9086420838450

47,1219510179659

35,8885438199976

112,7471856129400

11,4236782986454

49,3467477524968

36,9672331458309

116,1359880744830

11,7670357751791

50,8299455755175
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38,1246117974976

119,7720003439810

12,1354408420627

52,4213412215592

39,1489281364556

122,9899850294040

12,4614908593326

53,8297761876264

41,1246117974974

129,196778304 7500

13,0903705006140

56,5463412215590

42,3606797749974

133,0800003822020

13,4838231578474

58,2459346906214

44,3606797749971

139,3631856893800

14,1204429302149

60,9959346906210

44,8606797749971

140,9339820161750

14,2795978733068

61,6834346906210

46,9787137637467

147,5879820352840

14,9537890311991

64,5957314251517

48,3907364229134

152,0239820480250

15,4032498031274

66,5372625815059

50,8328157299968

159,6960004586420

16,1805877894169

69,8951216287456

51,4057647468715

161,4959728809370

16,3629631257674

70,6829265269483

53,8328157299963

169,1207784194090

17,1355174479681

74,0201216287449

55,4508497187464

174,2039821117250

17,6505536627687

76,2449183632763

58,0688837074960

182,4287784576290

18,4838997637528

79,8447150978070

59,8142396999959

187,9119760215660

19,0394638310757

82,2445795874944

61,6869176962462

193,7951674571250

19,6355557509210

84,8195118323385

63,3442963479120

199,0019760534150

20,1631157608962

87,0984074783790

66,5410196624956

209,0447785340700

21,1806643953223

91,4939020359314

68,5410196624959

215,3279638412510

21,8172841676900

94,2439020359318

71,7770876399951

225,4943712258790

22,8473565972908

98,6934955049933

72,5861046343700

228,0359730720370

23,1048747046910

99,8058938722587

76,0131556174944

238,8023712640980

24,1957389130754

104,5180889740550

78,2978562729111

245,9799700588070

24,9229817186651

107,6595523752530

82,2492235949949

258,3935566095000

26,1807410012280

113,0926824431180

83,1762745781189

261,3059731675860

26,4758304941528

114,3673775449140

87,1033255612437

273,6431676864430

27,7258496456292

119,7670726467100

89,7213595499940

281,8679640323490

28,5591957466135

123,3668693812420

93,9574275274933

295,1759640705680

29,9075780623981

129,1914628503030

96,7814728458264

304,0479640960480

30,8064996062546

133,0745251630110

99,8115294937434

313,5671678011050

31,7709965929835

137,2408530538970

102,4932244843670

321,9919610828170

32,6246066202286

140,9281836660050

107,6656314599930

338,2415568388190

34,2710348959362

148,0402432574900

110,9016994374930

348,4079642234510

35,3011073255373

152,4898367265530

116,1377674149920

364,8575569152580

36,9677995275056

159,6894301956140

117,4467844093670

368,9699550882100

37,3844725779977

161,4893285628790

122,9918693812410

386,3903532993810

39,1495279442743

169,1138203992060

126,6885926958240

398,0039521068300

40,3262315217924

174,1968149567580

133,0820393249910

418,0895570681400

42,3613287906447

182,9878040718630

134,5820393249900

422,8019460485210

42,8387936199200

185,0503040718610

140,9361412912390

442,7639461058510

44,8613670935971

193,7871942754540

145,1722092687400

456,0719461440730

46,2097494093820

199,6117877445170

152,0263112349890

477,6047425281960

48,3914778261508

209,0361779481090

156,5957125458220

491,9599401176120

49,8459634373301

215,3191047505050

161,4984471899890

507,3623352582280

51,4065523439043

222,0603648862350

165,8375208322780

520,9939371362300

52,7877223811246

228,0265911443830

174,2066511224870

547,2863353728870

55,4516992912583

239,5341452934200

179,4427190999880

563,7359280646990

57,1183914932271

246,7337387624830

81



187,9148550549860

590,3519281411350

59,8151561247962

258,3829257006060

190,0328890437360

597,0059281602450

60,4893472826885

261,2952224351370

199,0050249987340

625,1927245634760

63,3452668573495

273,6319093732590

204,9864489687340

643,9839221656350

65,2492132404572

281,8563673320100

215,3312629199850

676,4831136776380

68,5420697918724

296,0804865149800

217,7583139031080

684,1079192161040

69,3146241140724

299,4176816167730

228,0394668524820

716,4071137922910

72,5872167392259

313,5542669221630

234,8935688187330

737,9399101764200

74,7689451559952

322,9786571257580

245,9837387624810

772,7807065987610

78,2990558885486

338,2276407984110

253,3771853916470

796,0079042136570

80,6524630435844

348,3936299135150

261,3099766837310

820,9295030593300

83,1775489368874

359,3012179401300

268,3307453166450

842,9858982190440

85,4123290013528

368,9547748103860

281,8722825824790

885,5278922117020

89,7227341871941

387,5743885509080

290,3444185374800

912,1438922881460

92,4194988187640

399,2235754890340

304,0526224699770

955,2094850563890

96,7829556523013

418,0723558962180

307,4796734531010

965,9758832484510

97,8738198606857

422,7845509980140

321,9968943799730

1011,583077862850(

102,4947948016230

442,7457297724640

331,6750416645570

1041,987874272460(

105,5754447622490

456,0531822887660

348,4133022449750

1094,572670745770(

110,9033985825170

479,0682905868400

352,3403532280960

1106,909865264620(

112,1534177339920

484,4679856886330

368,9756081437200

1159,171059898140(

117,4485838328230

507,3414611976150

380,0657780874710

1194,011856320490(

120,9786945653770

522,5904448702730

398,0100499974680

1250,385449126950(

126,6905337146990

547,2638187465180

409,9728979374670

1287,967844331260(

130,4984264809140

563,7127346640170

422,8084238737180

1328,291838317550(

134,5841012807910

581,3615828263630

434,1682661489210

1363,979835355270(

138,2000513824770

596,9813659547670

456,0789337049640

1432,814227584580(

145,1744334784520

627,1085338443260

469,7871376374660

1475,879820352840(

149,5378903119900

645,9573142515150

491,9674775249610

1545,561413197520(

156,5981117770970

676,4552815968210

497,5125624968350

1562,981811408690(

158,3631671433740

684,0797734331480

521,0019193787060

1636,775802426320(

165,8400616589720

716,3776391457200

536,6614906332890

1685,971796438090(

170,8246580027060

737,9095496207730

563,7445651649580

1771,055784423400(

179,4454683743880

775,1487771018170

570,0986671312020

1791,017784480720(

181,4680418480640

783,8856673054030

597,0150749962000

1875,578173690420(

190,0358005720480

820,8957281197750

614,9593469062010

1931,951766496900(

195,7476397213710

845,5691019960270

643,9937887599460

2023,166155725700(

204,9895896032470

885,4914595449260

663,3500833291110

2083,975748544910(

211,1508895244970

912,1063645775280

684,1184005574470

2149,221341376870(

217,7616502176780

940,6628007664890

702,4990114655630

2206,965733574300(

223,6123803838290

965,9361407651490

737,9512162874400

2318,342119796270(

234,8971676656450

1014,682922395230(

760,1315561749420

2388,023712640980(

241,9573891307530

1045,180889740550(

796,0200999949340

2500, 770898253900(

253,3810674293970

1094,527637493030(

804,9922359499330

2528,957694657130(

256,2369870040580

1106,864324431160(

L S N

82



*1/1,375

271828 | /2,71828

0,0095677218156

0,0098552954616

0,0103526512551

0,0104693385027

0,0109636336159

0,0112931636914

0,0118263545539

0,0121818151288

0,0125632062033

0,0129007492438

0,0135517964297

0,0139591180036

0,0146181781546

0,0147829431923

0,0154808990925

0,0159462030260

0,0167509416044

0,0169397455371

0,0177395318308

0,0182727226932

0,0191354436312

0,0197105909231

0,0203276946446

0,0208738507567

0,0219272672319

0,0225863273829

0,0236527091077

0,0239193045390

0,0250486209081

0,0258014984875

0,0271035928594

0,0274090840399

0,0287031654467

0,0295658863847

0,0309617981850

0,0318924060519

0,0328909008478

0,0337746000005

0,0354790636616

0,0365454453865

0,0382708872623

0,0387022477313

0,0405295200006

0,0417477015135

0,0438545344638

0,035760632004839684
0,03683549¥004985149
0,038694432005236729
0,039130565005295753
0,040978061,005545785
0,042209721005712473
0,04420259%005982179
0,045531171006161983
0,0469566™M006354904
0,048218292006525645
0,050651668006854967
0,052174088007061004
0,054637414,00739438
0,05525324K007477724

0,05786195007830774
0,05960108¥%008066141
0,0626089K008473205
0,063314585008568709
0,066303895008973268
0,068296768009242975
0,0715213@1009679369
0,073670995009970298
0,0759775@8010282451
0,078018835010558715
0,08195612D,01109157
0,084419448011424945
0,088405198011964358

0,08940163012099211
0,0936226a2012670458
0,096436584,01305129
0,10130333%013709934
0,102445132013864462
0,107281935014519053
0,110506492014955447
0,11572391,015661548
0,119202178016132282
0,122934182016637355
0,126237120,01708436

0,132607 017946537
0,13659353®,01848595
0,1430426a8019358738
0,14465481H019576935
0,151484532020501232

0,15603767,021117431
0,163912243,02218314

83



0,0443488295770

0,0464426972775

0,0478386090779

0,0500972418162

0,0516029969751

0,0532185954924

0,0546484507573

0,0574063308935

0,0591317727693

0,0619235963701

0,0626215522702

0,0655781409087

0,0675492000010

0,0709581273232

0,0717579136169

0,0751458627243

0,0774044954626

0,0810590400012

0,0834954030270

0,0861094963402

0,0884230507578

0,0928853945551

0,0956772181558

0,1001944836324

0,1013238000015

0,1061076609093

0,1092969015145

0,1148126617870

0,1161067431939

0,1215885600018

0,1252431045405

0,1311562818174

0,1350984000020

0,1393280918326

0,1430715015150

0,1502917254486

0,1548089909252

0,1621180800025

0,1639453522718

0,1716858018180

0,1768461015155

0,1857707891102

0,1878646568107

0,1967344227261

0,2026476000031

0,2122153218186

0,165759738022433171
0,173585831,023492322

0,17880321,024198422
0,1872452@1025340917
0,192873168®,02610258
0,198911685026919805
0,204255962027643076
0,214563912029038107
0,22101298%1029910895
0,23144781,031323096
0,2340565@K031676146
0,245107135033171691
0,252474231034168721

0,26521538035893074
0,268204889036297634
0,2808678@¥038011375
0,28930975D,03915387
0,3029691a5041002465
0,312075341,042234861
0,321845860,04355716
0,330493089044727436
0,347171/a2046984644
0,357606519048396845
0,3744904@»050681834
0,378711381,051253081
0,396591/@¥053672923
0,40851192%1055286151
0,429127828058076214
0,43396462¥058730805
0,45445363¥,061503697
0,4681130111,063352292
0,4902143@Y066343382
0,504948508068337441
0,520757538070476966
0,534749032072370512
0,5617356X8076022751
0,578619503,07830774

0,60593821,08200493
0,61276788%082929227
0,641698862086844614
0,66098611M089454872
0,6943434@B093969288
0,70216951X¥%095028438
0,735321461099515072
0,757422762102506162
0,793183414107345846

84



0,2185938030290

0,2254375881729

0,2314945522728

0,2431771200037

0,2504862090810

0,2623125636348

0,2652691522733

0,2777934627274

0,2861430030301

0,3005834508972

0,3039714000046

0,3183229827280

0,3278907045435

0,3433716036361

0,3536922030311

0,3647656800055

0,3745660537878

0,3934688454523

0,4052952000061

0,4244306436373

0,4292145045451

0,4494792645454

0,4629891045456

0,4863542400073

0,4918360568153

0,5150574054541

0,5305383045466

0,5555869254547

0,5722860060601

0,5902032681784

0,6060606060606

0,6366459654559

0,6557814090871

0,6867432072721

0,6944836568184

0,7272727272727

0,7491321075756

0,7869376909045

0,7958074568199

0,8333803881820

0,8584290090902

0,8989585290908

0,9259782090912

0,9549689481839

0,9806266598484

1,0301148109082

0,817023849110572303
0,84260342114034126
0,865242141,117097948
0,908907315123007394
0,936226022126704584
0,980428619132686763
0,991479268134182308
1,038290568140517537
1,0694981@8144741023
1,1234712215152045501
1,136134141153759243
1,18977512D,16101877
1,225535718165858454
1,283397724173689228
1,3219723%%178909744
1,363360912184511092
1,399991192189468459
1,470642928199030145
1,514845525205012324
1,586366829214691693
1,604247155217111535
1,679989431,227362151
1,730484282234195895
1,81781468246014789
1,8383036H248787681
1,92509658H260533842
1,98295853H268364616
2,076581138281035075
2,1389962@@p289482047
2,205964399298545217
2,265233338306566407
2,379550248322037539
2,45107154%331716908
2,566795448347378456
2,595726428351293843
2,71828,367879689
2,799982385H378936919
2,94128585®,39806029
2,9744378@1402546924
3,1148717@x421552612
3,208494309,43422307
3,359978862454724303
3,460968561468391791
3,569325365483056309
3,665224525496034867
3,850193111,521067684

85



1,0610766090932

1,1111738509094

1,1236981613635

1,1767519918181

1,2121212121212

1,2732919309119

1,2876435136352

1,3484377936361

1,3889673136368

1,4545454545455

1,4982642151513

1,5451722163623

1,5866872659090

1,6667607763641

1,7168580181803

1,7979170581815

1,8181818181818

1,9040247190908

1,9612533196968

2,0602296218164

2,0834509704551

2,1818181818182

2,2473963227269

2,3535039836362

2,4242424242424

2,5001411645462

2,5673139257574

2,6968755872723

2,7779346272735

2,9090909090909

2,9418799795453

3,0807767109089

3,1733745318180

3,3335215527282

3,3710944840903

3,5302559754543

3,6363636363636

3,8080494381816

3,9225066393937

4,0453133809084

4,1540011916664

4,3636363636363

4,4947926454538

4,7070079672724

4,7600617977271

4,9848014299997

3,965917012536729232
4,1531622 11562070149
4,19997351%,568405378
4,39826943D,59524184
4,53046666%613132814
4,75910048K644075079
4,812741464651334605
5,039968298682086454
5,191452845702587686
5,43656,735759377
5,599964 17, 757873838
5,77528973),781601527
5,930457839802601274
6,22974341%1843105224
6,416988619868446141
6,71995772%1909448605
6,7950,919699222
7,116549431,963121529
7,330449092992069733
7,7003863413042135369
7,787179268,05388153
8,15484,103639066
8,399947135136810757
8,796538862,19048368
9,060933333226265629
9,344615122264657836
9,595682384,29863614
10,07993699364172908
10,38290569405175373
10,87312,471518755
10,99567358 1,4881046
11,5148188(558363369
11,86091572605202548
12,45948683686210447
12,599920713705216135
13,19480829,78572552
13,5914,839398443
14,23309886926243057
14,6608981,984139467
15,11990488046259362
15,52614024101237414
16,30968,207278132
16,79989431,273621513
17,59307772,38096736
17,79137358407803821
18,631368289521484897

86



5,1346278515149

5,3937511745445

5,4545454545454

5,7120741572724

5,8837599590905

6,1615534218178

6,3467490636361

6,5454545454545

6,7213151174238

7,0605119509086

7,2727272727273

7,6160988763633

7,7019417772723

8,0655781409086

8,3080023833329

8,7272727272727

8,8256399386357

9,2423301327267

9,5201235954541

9,9696028599994

10,2692557030297

10,5907679263629

10,8753163090902

11,4241483145449

11,7675199181810

12,3231068436356

12,4620035749993

13,0503795709082

13,4426302348477

14,1210239018172

14,2801853931810

14,9544042899991

15,4038835545445

16,1311562818172

16,6160047666656

17,1362224718173

17,5966314265140

18,4846602654534

19,0402471909082

19,9392057199988

20,1639453522715

21,1159577118168

21,7506326181804

22,8482966290898

23,1058253318166

24,1967344227257

19,19136472597272281
20,1598731%728345816
20,3872,759097665
21,349648289889364586
21,991347152,9762092
23,02963712116726737
23,721831431210405095
24,46452,310917198
25,12182268399873555
26,3896165%,57145104
27,1828,678796886
28,466197712852486114
28,7870471H895908421
30,146187¥5079848266
31,05228040202474829
32,61934,414556264
32,987020734,4643138
34,544456%0675090106
35,582747¥5815607643
37,26273639042969794
38,382729%4194544562
39,5844248%,35717656
40,647962%/501110969
42,699296%0) 778729172
43,982694315,9524184
46,05927545233453474
46,578420163303712243
48,77755545601333163
50,2436452®,79974711
52,77923317,14290208
53,37412073223411464
55,89410488564454691
57,57409431791816843
60,29237431159696531
62,10456093404949657
64,04894483668093757
65,7697835900984524
69,088913B(350180211
71,16549431631215286
74,525473110,08593959
75,36546789,19962066
78,9237426),68118143
81,295925713,00222194
85,398593111,55745834
86,36114144,68772526
90,438561462,2395448

87



24,9240071499985

26,1007591418165

26,8852604696952

27,7269903981801

28,4719477356040

29,9088085799981

30,8077671090890

32,2623125636343

32,6259489272706

34,1663372827249

35,1932628530279

36,9693205309068

37,3860107249974

39,1511387127246

40,3278907045428

42,2319154236334

43,5012652363607

44,8632128699972

46,0685791621178

48,3934688454513

49,8480142999970

52,2015182836328

52,7898942795418

55,2822949945414

56,9438954712081

59,8176171599963

60,4918360568138

63,3478731354500

65,2518978545411

68,3326745654496

70,3865257060556

72,5902032681770

74,5405268977216

78,3022774254491

80,6557814090857

84,4638308472667

85,4158432068121

89,4486322772659

92,1371583242356

96,7869376909026

97,8778467818108

102,4990118481740

105,5797885590830

110,5645899890830

113,8877909424160

117,4534161381740

93,1568414,60742449

97,5551108,20266633
100,48729058,59949422
103,6333698,02527032
106,41774841,40209549
111,788209%,12890938
115,14818865,58363369
120,5847486,31939306
121,943888®%,50333291

127,70129%,28251459

131,5395717,80196905
138,17782@38,70036042
139,7352628,91113673
146,3326643,80399949
150,7309328),39924133
157,84748%2,36236286
162,591851%2,00444388
167,6823142,69336407
172,1875338,30308002
180,8771223,47908959
186,313682%,21484897
195,110221%,40533265
197,30935@,70295357
206,62504@7,96369602
212,83549&8B,80419099
223,57641989,25781877
226,0964030,59886199
236,77122182,04354429
243,8877783,00666581
255,4025961,56502918

263,0791435,6039381
271,31568486,71863439
278,60528387,70517551
292,665333P,60799898
301,4618719,79848266
315,69497@, 72472571
319,25324%B,20628648
334,3263385,24621061
344,375064%,60616003
361,75424%8,95817919
365,83166%9,50999872
383,1038941.,84754377

394,618783,40590714
413,2500855,92739204
425,670993%,60838197

438,997999,41199847

88



120,6091060598390

126,6957462709000

130,5037957090820

136,6653491308990

138,2057374863530

144,7309272718070

149,0810537954430

156,6045548508980

158,3696828386240

165,8468849836230

170,8316864136240

178,8972645545310

184,2743166484710

190,0436194063500

195,1496329575600

204,9980236963480

211,1595771181670

221,1291799781650

223,6215806931640

234,1795595490720

241,2182121196780

253,3914925418000

256,2475296204340

268,3458968317960

276,4114749727060

289,4618545436130

298,1621075908850

307,4970355445220

315,7587390173970

331,6937699672470

341,6633728272480

357,7945291090620

361,8273181795160

378,9104868208770

390,2992659151190

409,9960473926970

414,6172124590560

434,1927818154180

447,2431613863280

468,3591190981430

482,4364242393540

497,5406549508700

510,9083719749550

536,6917936635930

552,8229499454120

578,9237090872250

450,79281®1,00825553
473,54245%8,08708857
487,775554%6,01333163
510,8051983,13005837
516,5626089,90924005
540,95137948,20990663
557,2105645,41035102
585,330669549,21599795
591,9280680,10886071

619,875183,89108806
638,50649@5,41257296
668,6526790,49242122
688,75013%83,21232007
710,3136834,13063286
729,3980988,71343104
766,20778883,6950875

789,2374206,8118143
826,50016241,8547841
835,8158444.3,1155265
875,27771818,4561172
901,58563222,0165111
947,084911128,1741771
957,7597334£9,6188594
1002,9790135,7386318
1033,1252039,8184801
1081,9027396,4198133
1114,42112950,820702
1149,3116835,5426313
1180,19091%9,7216866
1239,7502447,7821761

1277,012982,8251459
1337,3053980,9848424
1352,3784483,0247666
1416,22909B1,6660239
1458,79619B7,4268621
1532,4155207,3901751
1549,6878@09,7277202
1622,8541289,6297199
1671,6316226,2310531
1750,5554236,9122345
1803,1712@44,0330221
1859,6253@51,6732642
1909,5890258,4351176
2005,95802721,4772637
2066,2504@79,6369602
2163,80552B2,8396265

89



| 585,4488988726780)  2188,1942996,1402931

Acknowledgments

| would like to thank ProfBranko Dragovich of Institute of Physics of Belgrade (Serbia) fos h
availability and friendship, P.Acrancesco Di Notofor the very useful discussions and contributes
in various sectors of Number Theory. In conclusiompuld like to thank IngChristian Lange for

his useful discussions and contributes concernitige various applications of the columns
concerning the universal music system based on Phi.

References
[1] Edward Witten — Fivebranes and Knots- arXiv:1101.3216v1 [hep-th] 17 Jan 2011;

[2] Chris Beasley — Localization For Wilson Loops In Chern-Simons Tlyeor
arXiv:0911.2687v2 [hep-th] 12 May 2010;

[3] S. Giombi, R. Ricci, R. Roiban and A. A. Tséyt- “Two-loop AdS x S° superstring: testing
asymptotic Bethe ansatz and finite size correctierarXiv:1010.4594v2 [hep-th] 23 Dec 2010;

[4] B. Basso, G. P. Korchemsky NOnperturbative scales in AdS/CFF arXiv:0901.4945v2
[hep-th] 3 May 2009;

[5] A. Folsom, Z. A. Kent and Ken Ono —/*Adic properties of the partition functityn
http://www.aimath.org/ - 2011;

[6] Jan Hendrik Bruinier and Ken Ono Algebraic formulas for the coefficients of halfagtal
weight harmonic weak maass forimsttp://www.aimath.org/ - 2011,

[7] Connessioni tra partizioni di numeri p(n) e funzodi Landau come ipotesi RH equivalente;
La funzione di Landau come ipotesi RH equivalentdParte seconda; Nuove connessioni
aritmetiche tra i “numeri magici” degli elementi ohici piu stabili, i livelli energetici nei gas
nobili ed i numeri di Fibonacci; Scoperta una nudfaamula per le partizioni di numeri; Una
teoria aritmetica, o aritmetica-geometrica, per TOOE (Il principio aritmetico per le teorie di
stringa complementare al PGTS; Scoperto il legarada sezione aurea e la simmetridedi Sito
http://nardelli.xoom.it/virgiliowizard/teoria-deHlstringhe-e-teoria-dei-numeri. La  serie  di
Fibonacci e le altre serie numeriche naturali (sropme la natura evita i quadraty sul Sito
http://www.gruppoeratostene.com/articoli/

Nardelli, Michele e Palumbo, Antonino (200754 una possibile TOE e su alcune nuove
connessioni matematiche tra teoria di Stringa, NanRgimi, Serie di Fibonacci e Partiziohi
http://eprints.bice.rm.cnr.it/448/1/Nardelli20.pdf

Nardelli Michele (2008) ....On the physical interpretation of the Riemann Zetection, the Rigid
Surface Operators in Gauge Theory, the adeles dete$s groups applied to various formulae

90



regarding the Riemann zeta function and the Selbaxge formula, p-adic strings, zeta strings, and
p-adic cosmology and mathematical connections wadtme sectors of String Theory and Number
Theory

- http://eprints.bice.rm.cnr.it/625/1/NardnwitOdfpand http://www.scribd.com/doc/50088827/

91



